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SYMPLECTIC INSTANTON HOMOLOGY: TWISTING,
CONNECTED SUMS, AND DEHN SURGERY
GUILLEM CAZASSUS
Abstract. We define a twisted version of Manolescu and Woodward’s
Symplectic Instanton homology, prove that this invariant fits into the
framework of Wehrheim and Woodward’s Floer Field theory, and de-
scribe its behaviour for connected sum and Dehn surgery.
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2 GUILLEM CAZASSUS
1. Introduction
Instanton homology groups are graded abelian groups associated to in-
tegral homology 3-spheres introduced by Floer in [Flo88]. They form nat-
ural receptacles for analogs of Donaldson invariants for 4-manifolds with
boundary, and allow one to compute Donaldson invariants by cutting a
closed 4-manifold along 3-manifolds. Indeed, they satisfy axioms of a (3+1)-
topological quantum field theory in the sense of Atiyah (with the exception
that the groups are not defined for all 3-manifolds).
Likewise, Atiyah suggested in [Ati88] the following alternative procedure
for defining these invariants by cutting 3-manifolds along surfaces, called the
Atiyah-Floer conjecture. By stretching a 3-manifold Y along a Heegaard
surface Σ dividing Y into two handlebodies H0 and H1, he suggested that
these invariants can be computed by counting holomorphic discs inside a
symplectic manifold M(Σ) associated to the surface Σ, with boundary con-
ditions in two Lagrangian submanifolds L(H0), L(H1) ⊂ M(Σ) associated
to the handlebodies. The symplectic manifold suggested by this procedure
is the moduli space of flat connections on the trivial SU(2)-principal bundle
over Σ introduced in [AB83], and the Lagrangian submanifolds correspond
to connections that extend flatly to H0, resp. H1.
Although the symplectic manifold M(Σ) is not smooth (which is one of
the main difficulties in defining Floer homology inside it), Huebschmann
and Jeffrey proved that it can be realized as the symplectic quotient of
a smooth finite dimensional SU(2)-Hamiltonian manifold, [Jef94], [Hue95],
called the extended moduli space. Manolescu and Woodward then managed
to define homology groups, replacing the symplectic manifold appearing in
Atiyah’s suggestion by an open subset of this moduli space. These groups,
called Symplectic Instanton homology (HSI) [MW12], are defined for every
closed oriented three-manifold, and their isomorphism type is a topological
invariant.
As a variant of the Atiyah-Floer conjecture, Manolescu and Woodward
conjecture that these groups (with Q-coefficients) are isomorphic to a varia-
tion of Instanton homology defined by Donaldson, [MW12, Conjecture 1.2],
and ask whether or not the same holds with the hat version of Heegaard
Floer homology.
At the same time, Wehrheim and Woodward developed a general frame-
work, called Floer field theory, for dealing with symplectic constructions
similar with Atiyah’s procedure, and provided a general criterion for these
to give topological invariants: the assignment
Σ 7→M(Σ),
Hi 7→ L(Hi)
should be functorial in a certain sense, see [WWb, Weh16].
The goal of the present paper is to investigate the effect of connected
sums and Dehn surgery on symplectic instanton homology. Regarding the
second operation, in similar theories, one usually has long exact sequences
relating the invariants associated to a “surgery triad” (see Definition 1.2), for
example the 0, 1,∞ -surgeries along a framed knot: see [Flo95] for instanton
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homology, [OS04a] for Heegaard Floer theory, and [KMOS07] for monopole
homology.
However, the existence of such an exact sequence in instanton homology
must face the following problem: three manifolds forming a triad can never be
simultaneously integral homology spheres. Floer overcame this issue by using
a nontrivial SO(3)-bundle over the S2 × S1-homology manifold appearing
in the triad. Even though HSI homology is well-defined for every closed
oriented 3-manifold, we will see that the same phenomena also appears in
this context. Following a suggestion by Chris Woodward, we introduce a
“twisted” version HSI(Y, c) of this invariant, associated to a 3-manifold Y
endowed with a class c in H1(Y,Z2), or equivalently an isomorphism class of
SO(3)-bundles over Y .
1.1. Statement of the main results. Concerning connected sum, we ob-
tain the following Künneth formula:
Theorem 1.1. (Künneth formula for connected sum) Let Y and Y ′ be two
closed oriented 3-manifolds, and c, c′ two classes in H1(Y ;Z2) and H1(Y ′;Z2)
respectively. Then,
HSI(Y#Y ′, c+ c′) 'HSI(Y, c)⊗HSI(Y ′, c′)
⊕ Tor(HSI(Y, c), HSI(Y ′, c′))[−1].
Concerning Dehn surgery, recall first the definition of a surgery triad:
Definition 1.2. A surgery triad is a triple of 3-manifolds Yα, Yβ and Yγ
obtained from a compact oriented 3-manifold Y with genus one boundary
by gluing a solid torus along the boundary, identifying the meridian with
respectively three simple curves α, β and γ, such that α.β = β.γ = γ.α = −1.
Our exact sequence can then be stated as:
Theorem 1.3 (Surgery exact sequence). Let (Yα, Yβ, Yγ) be a surgery triad
obtained from Y as in the previous definition, c ∈ H1(Y ;Z2), and for δ ∈
{α, β, γ}, cδ ∈ H1(Yδ;Z2) the class induced from c by the inclusions. Let
also kα ∈ H1(Yα;Z2) be the class corresponding to the core of the solid torus.
Then, there exists a long exact sequence:
· · · → HSI(Yα, cα + kα)→ HSI(Yβ, cβ)→ HSI(Yγ , cγ)→ · · · .
Remark 1.4. As in Heegaard Floer theory, one can define maps associated
to four-dimensional cobordisms, and show that two of the three mophisms
appearing in this sequence are associated to the canonical cobordisms, with
appropriate cohomology classes. This has been done (in French) in the au-
thor’s PhD [Caz16, Chapter 6], and will be the object of a forthcoming paper
[Caz], which should also address the naturality issue.
1.2. Applications. The exact sequence of Theorem 1.3, together with the
knowledge of the Euler characteristic of symplectic instanton homology and
an observation from Ozsváth and Szabó, allow one to compute the HSI
groups of several manifolds. We will present some of them in section 5.3,
including plumbings, surgeries on knots, and branched double covers.
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1.3. Organisation of the paper. In section 2, we review Wehrheim and
Woodward’s Floer Field theory and adapt it to the framework of HSI. In
section 3 we will build the twisted symplectic instanton homology groups
HSI(Y, c) within this framework. In section 4 we give their first properties:
we prove in section 4.1 that the definition agrees with the one we outline
in the next paragraph, and prove Theorem 1.1 in section 4.3. Section 5 is
devoted to Dehn surgery, we prove Theorem 1.3 in section 5.2.4, and provide
applications in section 5.3.
1.4. Outline of the construction of HSI(Y, c), and sketch of the
proofs. We first outline the construction of the twisted version from a
Heegaard splitting, without using Wehrheim and Woodward’s theory. Let
Y = H0 ∪Σ H1 be a Heegaard splitting, and C0, C1 two knots inside H0
and H1 respectively, such that the class of their union in H1(Y ;Z2) equals
c. Let Σ′ be the surface with boundary obtained by removing a disc to Σ,
and ∗ ∈ ∂Σ′ a base point. The open part of Huebschmann and Jeffrey’s ex-
tended moduli space N (Σ′) that will be involved in the construction admits
the following description:
N (Σ′) = {ρ ∈ Hom(pi1(Σ′, ∗), SU(2)) : ρ(∂Σ′) 6= −I}.
By choosing a base of the free group pi1(Σ′, ∗), this space can be realized as
an open subset of SU(2)2g, where g is the genus of Σ. It also admits a natural
symplectic structure, for which the following sub-manifolds are Lagrangian:
L0 = {ρ ◦ i0,∗ : ρ ∈ Hom(pi1(H0 \ C0, ∗), SU(2)), ρ(µ0) = −I}
L1 = {ρ ◦ i1,∗ : ρ ∈ Hom(pi1(H1 \ C1, ∗), SU(2)), ρ(µ1) = −I},
with i0,∗ and i1,∗ induced by the inclusions, and µ0, µ1 meridians of C0 and
C1 respectively.
The group HSI(Y, c) can then be defined as the Lagrangian Floer homol-
ogy HF (L0, L1).
However, since N (Σ′) is noncompact, the fact that Lagrangian Floer ho-
mology can be defined inside it is not immediate at all. Manolescu and
Woodward manage to do so after a quite involved construction. They first
compactify N (Σ′) by a symplectic cutting, and obtain a compact moduli
space N c(Σ′) = N (Σ′)∪R, with a symplectic hypersurface R and a mono-
tone 2-form which degenerates at R. By performing another symplectic
cutting, they find a symplectic form on N c(Σ′) which is not monotone any-
more, and after some interplay with both forms, they define Floer homology
relatively to R, which corresponds to Floer homology inside N (Σ′).
In order to be able to use Wehrheim and Woodward’s theory of quilts,
we will define this invariant directly in the Floer field theory framework,
and then prove in Proposition 4.3 that its definition agrees with the one we
just outlined. This will have two advantages: first, from this definition, the
proof of Theorem 1.1 is a simple application of Künneth formula, although
it is unclear (at least for the author) how to prove it from the Heegaard
splitting definition. Second, when proving the surgery exact sequence, it
will be convenient to work directly inside the moduli space of the punctured
torus, and deal with generalized Dehn twists rather than fibered ones as in
[WWa].
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The proof of Theorem 1.3 will follow from a generalization of Seidel’s long
exact sequence, and from the fact that a Dehn twist on a punctured torus
induces a generalized Dehn twist on its extended moduli space.
Acknowledgements. I would like to warmly thank my advisors Paolo Ghig-
gini and Michel Boileau for suggesting me this problem and for their constant
support. I also would like to thank Chris Woodward for suggesting the defini-
tion of the twisted version, Christian Blanchet for suggesting the application
to alternating links, and Jean-François Barraud, Frédéric Bourgeois, Laurent
Charles, Julien Marché and Raphael Zentner, for their interest, and helpful
conversations.
2. Floer Field Theory
2.1. Outline. According to Wehrheim and Woodward [WWb], a Floer field
theory is a functor from a category of (2+1)-cobordisms, to a variation of
Weinstein’s symplectic category, whose objects are symplectic manifolds, and
morphisms (equivalence classes of) sequences of Lagrangian correspondences
(see Definition 2.1).
Such a functor being given, one can associate a topological invariant to
a closed oriented 3-manifold Y in the following way: after removing two 3-
balls to Y , one obtains a cobordism from the 2-sphere to itself, the functor
applied to this cobordism gives rise to a sequence of Lagrangian correspon-
dences having the same source and target symplectic manifolds, and to such
a sequence (with extra technical assumptions) one can associate a homology
group called quilted Floer homology, which is a generalization of Lagrangian
Floer homology.
We will see that HSI groups fit into this framework, as already suggested
in Manolescu and Woodward’s proof of their stabilisation invariance. Yet,
some slight modifications will be necessary, mainly for three reasons:
• The moduli spaces are associated to surfaces with one boundary com-
ponent: a disc will have to be removed to a closed surface, and sim-
ilarly, a tube connecting two such discs will have to be removed to
a cobordism. Since the Lagrangian correspondence obtained will de-
pend on the choice of this tube (as in Example 3.14), these should be
incorporated in the cobordism category. Rather than being seen as
an inconvenient, this phenomena might be used to define invariants
for knots and sutured manifolds. Moreover, Lagrangian corresponces
will also depend on a parametrization of the tube (see Example 3.12),
of which the category should also keep track.
• The twisting homology class inH1(Y ;Z2) should also be incorporated
in the cobordism. Although this class corresponds to a second Stiefel-
Whitney class, we prefer working with homology classes to avoid
using relative cohomology classes.
• The target symplectic category will also have to be more complicated
in order to be able to define quilted Floer homology, for the reasons
described in section 1.4 : symplectic manifolds will come equipped
with a hypersurface, and two 2-forms, which should satisfy extra
technical assumptions as in [MW12, Assumption 2.5].
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2.2. Quilts, the symplectic category, and Floer homology.
Definition 2.1. A Lagrangian correspondence between two symplectic ma-
nifolds M and M ′ is a Lagrangian submanifold L ⊂ M− ×M ′, where M−
denotes the manifold M endowed with the opposite of its symplectic form.
This kind of correspondences, sometimes called canonical relations, ap-
pears frequently in symplectic geometry: a diffeomorphism between two
symplectic manifolds is a symplectomorphism if and only if its graph is a
Lagrangian correspondence. Moreover, given a Hamiltonian group action of
a group G on a symplectic manifold M which is free on the zero level on
the moment map, the zero level of the moment map induces a Lagrangian
correspondence from M to M/G.
Recall the following definition from Wehrheim and Woodward:
Definition 2.2. A generalized Lagrangian correspondence between two sym-
plectic manifolds M and M ′ consists of intermediate symplectic manifolds
M1, M2, ..., Mk−1, and a sequence of Lagrangian correspondences, for 0 ≤
i ≤ k − 1, Li(i+1) ⊂ M−i ×Mi+1, with M0 = M and Mk = M ′. Such a
sequence will be denoted L:
L =
(
M0
L01 // M1
L12 // M2
L23 // · · ·L(k−1)k// Mk
)
,
The integer k will be referred to as the length of L. If L (resp. L) denotes a
(resp. generalized) Lagrangian correspondence fromM toM ′, we will denote
LT (resp. LT ) the correspondence from M ′ to M , obtained by reversing the
arrows.
We will denote pt the symplectic manifold consisting of one point. A
Lagrangian correspondence from pt to M is then simply a Lagrangian sub-
manifold of M .
If L is a generalized Lagrangian correspondence from pt to pt, the quilted
Floer homology of L can be defined (whenever this is possible) as the La-
grangian Floer homology
HF (L) = HF (L01 × L23 × · · · , L12 × L34 × · · · ),
where the ambient symplectic manifold is the product of all the manifolds
M−0 ×M1 ×M−2 × · · · . When L01 ×L23 × · · · and L12 ×L34 × · · · intersect
transversely, the corresponding chain complex is generated by the set of
generalized intersection points
I(L) = {(x0, · · · , xk) | ∀i, (xi, xi+1) ∈ Li(i+1)},
and its differential counts index 1 Floer trajectories, which can alternatively
be viewed as “quilted strips”. We now recall the definition of quilted sur-
face and pseudo-holomorphic quilt, which are the key objects involved in
Wehrheim and Woodward’s theory:
Definition 2.3. A quilted surface S consists of:
(i) a collection of Riemann surfaces S = (Sk)k=1···m, called patches, and
endowed with complex structures jk. The boundary components of
Sk will be indexed by a set B(Sk): ∂Sk =
⋃
b∈B(Sk) Ik,b.
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(ii) a collection S of seams, consisting of pairwise disjoints two-element
subsets: σ ⊂ ⋃mk=1⋃b∈B(Sk) Ik,b, and for each σ = {Ik,b, Ik′,b′}, a real
analytic diffeomorphism ϕσ : Ik,b → Ik′,b′ .
Definition 2.4. Let S be a quilted surface as before, and M = (Mk)k=1···m
a collection of symplectic manifolds, one for each patch, and
L =
(
Lσ ⊂M−k ×Mk′ , Lk,b ⊂Mk
)
a collection of Lagrangian correspondences, one associated to each seam
σ = {Ik,b, Ik′,b′}, and Lagrangian submanifolds, one for each Ik,b which is
not contained in any seam. A (pseudo-holomorphic) quilt u : S → (M,L)
is a collection of (pseudo-holomorphic, provided the Mk are endowed with
almost-complex structures) maps ui : Si →Mi satisfying the following seam
and boundary conditions:
(uk(x), u
′
k(ϕσ(x))) ∈ Lσ, x ∈ Ik,b,
uk(x) ∈ Lk,b, x ∈ Ik,b.
These data can be summarized in a diagram as in figure 1:
M0
M1
M2
L01
L02
L12
Figure 1. A quilted cylinder.
Remark 2.5. (1) We will refer to Ik,b as a boundary of S if it is not
contained in any seam.
(2) We will sometimes identify S and the surface obtained by gluing all
the patches together along the seams.
Floer trajectories involved in defining the differential can then be seen as
quilted strips as in figure 2.
Weinstein suggested in [Wei82] that Lagrangian correspondences should
be seen as morphisms of a category, for which the composition should be
defined in the following way:
8 GUILLEM CAZASSUS
L0
Lk
M0
Mk
M1
...
L01
L(k−1)k
Figure 2. A quilted strip involved in the differential of
quilted Floer homology.
Definition 2.6 (Geometric composition). Let M0, M1, M2 be three sym-
plectic manifolds, and L01 ⊂ M0 × M1, L12 ⊂ M1 × M2 be Lagrangian
correspondences. The geometric composition of L01 with L12 is the subset:
L01 ◦ L12 = pi02(L01 ×M2 ∩M0 × L12),
where pi02 denotes the projection
pi02 : M0 ×M1 ×M2 →M0 ×M2.
Remark 2.7. This composition generalises the composition of symplecto-
morphisms, and the diagonal ∆M = {(x, x) | x ∈ M} plays the role of the
identity.
Unfortunately, the resulting correspondence may not be smooth, therefore
this composition is not always a Lagrangian correspondence. To overcome
this difficulty, Wehrheim and Woodward only allow this operation whenever
the following criterion is satisfied:
Definition 2.8 (Embedded geometric composition). A geometric composi-
tion L01 ◦ L12 is called embedded when:
• L01 ×M2 and M0 × L12 intersect transversally,
• pi02 induces an embedding of L01 ×M2 ∩M0 × L12 in M0 ×M2.
When this criterion is fulfilled, not only L01 ◦ L12 is a Lagrangian corre-
spondence, but quilted Floer homology also behaves well in this situation:
we will see in Theorem 2.16 that, assuming L01 ◦L12 is embedded, and some
extra hypothesis,
HF (· · · , Li, Li+1, · · · ) ' HF (· · · , Li ◦ Li+1, · · · ).
Wehrheim and Woodward then define the extended symplectic category
Symp#τ (see [WWb, Def. 3.1.7]) as the category whose objects are symplec-
tic manifolds (with some extra monotonicity conditions), and morphisms
equivalence classes of generalized Lagrangian correspondences (also satisfy-
ing extra conditions), where the equivalence relation is generated by:
(· · · , Li, Li+1, · · · ) ∼ (· · · , Li ◦ Li+1, · · · ),
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provided Li ◦ Li+1 is embedded, and some extra conditions ensuring Floer
homology is well-defined.
Remark 2.9. It will follow from Cerf theory that the generalized Lagrangian
correspondences we will construct are equivalent to length 2 generalized La-
grangian correspondences. This facts holds for every generalized Lagrangian
correspondence, as observed by Weinstein in [Wei11].
In order to fit in the framework of [MW12, Assumption 2.5] required
for defining symplectic instanton homology, we will adapt the definition of
Symp#τ for defining Symp (c.f. Definition 2.12). We first give here some
definitions required in order to do so.
As the symplectic manifolds we will consider will be equipped with sym-
plectic hypersurfaces, the Lagrangian correspondences shall satisfy the fol-
lowing compatibility condition ([MW12, Def. 6.2]):
Definition 2.10 (Lagrangian correspondences compatible with a pair of
hypersurfaces). Let M0, M1 be two symplectic manifolds, and R0 ⊂ M0,
R1 ⊂M1 two symplectic hypersurfaces. A Lagrangian correspondence L01 ⊂
M0 ×M1 is compatible with the pair (R0, R1) if L01 intersects R0 ×M1 and
M0 × R1 transversally, and these two intersections coincide (and are equal
to (R0 ×R1) ∩ L01).
In these conditions, one can choose tubular neighborhoods τ0 and τ1 of
R0 and R1 respectively:
τ0 : NR0 →M0, τ1 : NR1 →M1,
such that the preimage (τ0 × τ1)−1(L01) ⊂ NR0 × NR1 is the graph of a
bundle isomorphism
ϕ : (N˜R0)|(R0×R1)∩L01 → (N˜R1)|(R0×R1)∩L01 ,
where N˜R0 is the normal bundle of R0 ×M1 ⊂ M0 ×M1, and N˜R1 is the
normal bundle of M0 ×R1 ⊂M0 ×M1.
Notice that if one of the symplectic manifolds is a point, a Lagrangian L
is compatible with an hypersurface R if and only if L and R are disjoint.
Let S be a quilted surface, u : S → (M,L) a quilt, and R ⊂ M a family
of hypersurfaces such that each Lagrangian correspondence associated to a
seam is compatible with the corresponding hypersurfaces. Recall that u and
R have a well-defined intersection number u.R:
Let U ⊂ S be an open neighborhood of u−1(R) such that the image of each
patch Si is contained in the tubular neighborhoods τi of Ri. Each map ui can
be seen as a section of the complex line bundle u∗iNRi . All these bundles can
be glued together into a bundle over U by using the isomorphisms ϕ, and the
sections ui glue together to a global section of this bundle, which is nonzero
over the boundary ∂U . The bundle is then trivial over this boundary and
extends to a bundle over S, and the sections extend to global sections, which
are non-zero outside U . The intersection number u ·R is then defined as the
Euler number of this bundle.
The following lemma is proven in [MW12, Lemma 6.4] when the quilted
surface consists of several parallel strips, its proof adapts to any quilted
surface.
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Lemma 2.11. ([MW12, Lemma 6.4]) The intersection number u ·R doesn’t
change when one perturbs u by a homotopy preserving the boundary and seam
conditions. Moreover, if u is pseudo-holomorphic, R almost complex and u
and R intersect transversely, then this number is given by:
u ·R =
k∑
j=0
#{zj ∈ int(Sj)|uj(zj) ∈ Rj}+ 1
2
#{zj ∈ ∂Sj |uj(zj) ∈ Rj}.
Definition 2.12. We will call Symp the following category:
• Its objects are tuples (M,ω, ω˜, R, J˜) satisfying conditions (i), (ii), (iii),
(iv), (v), (x), (xi) and (xii) of [MW12, Assumption 2.5], namely:
(i) (M,ω) is a compact symplectic manifold.
(ii) ω˜ is a closed 2-form on M .
(iii) The degeneracy locus R ⊂ M of ω˜ is a symplectic hypersurface for
ω.
(iv) ω˜ is 14 -monotone, that is [ω˜] =
1
4c1(TM) ∈ H2(M ;R).
(v) The restrictions of ω˜ and ω to M \ R define the same cohomology
class in H2(M \R;R).
(x) The minimal Chern number NM\R with respect to ω is a positive
multiple of 4, so that the minimal Maslov number N = 2NM\R is a
positive multiple of 8.
(xi) J˜ is an ω-compatible almost complex structure on M , ω˜-compatible
on M \R, and such that R is an almost complex hypersurface for J˜ .
(xii) Every index zero J˜-holomorphic sphere in M , necessarily contained
in R by monotonicity, has an intersection number with R equal to a
negative multiple of 2.
• The set of morphisms between two objects consists of strings of elemen-
tary morphisms L = (L01, L12, · · · ), modulo an equivalence relation:
• The elementary morphisms are correspondences Li(i+1) ⊂ M−i ×
Mi+1 which are Lagrangian for the monotone forms ω˜i, simply con-
nected, (Ri, Ri+1)-compatible in the sense of Definition 2.10, such
that Li(i+1)\(Ri ×Ri+1) is spin, and such that every pseudo-holomor-
phic disc of M−i ×Mi+1 with boundary in Li(i+1) and zero area has
an intersection number with (Ri, Ri+1) equal to a positive multiple
of −2.
• The equivalence relation on strings of morphisms is generated by
the following identification: (L01, · · · , L(i−1)i, Li(i+1), · · · ) is iden-
tified with (L01, · · ·L(i−1)i ◦ Li(i+1), · · · ) whenever the composition
of L(i−1)i and Li(i+1) is embedded, simply connected, (Ri−1, Ri+1)-
compatible, spin outside Ri−1 ×Ri+1, satisfies the above hypothesis
concerning pseudo-holomorphic discs, and also the following one: ev-
ery quilted pseudo-holomorphic cylinder as in figure 1 of zero area
and with seam conditions in L(i−1)i, Li(i+1) and L(i−1)i ◦ Li(i+1) has
an intersection number with (Ri−1, Ri, Ri+1) smaller than −2.
Remark 2.13. Under these hypotheses, the generalized Lagrangian corre-
spondences are automatically monotone: if x, y ∈ I(L) are generalized in-
tersection points, and u denotes a quilted strip with seam conditions in L and
with limits x, y, then the symplectic area of u is A(u) = 18I(u)+c(x, y), with
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c(x, y) a number only depending on the points x and y. This follows from
monotonicity of the symplectic manifolds and from simply connectedness of
the correspondences, see [MW12, Lemma 2.8].
2.2.1. Definition of quilted Floer homology. Let L = (Li(i+1))i=0···k be a mor-
phism of Symp of length k + 1 from pt to pt, with intermediate objects
M = (Mi, ωi, ω˜i, Ri, J˜i)i=0···k+1, and M0 = Mk+1 = pt:
L =
(
pt
L01 // M1
L12 // M2
L23 // · · ·Lk(k+1)// pt
)
.
Let J (Mi, int {ωi = ω˜i} , J˜i) be the set of ωi-compatible almost-complex
structures on Mi coinciding with J˜i outside int {ωi = ω˜i}. Let also
Jt(Mi, int {ωi = ω˜i} , J˜i) = C∞([0, 1],J (Mi, int {ωi = ω˜i} , J˜i))
be the set of time-dependent almost-complex structures.
In order to have transverse intersections, we introduce Hamiltonian per-
turbations. Let H = (Hi)i=1···k be Hamiltonians, Hi : Mi × R → R with
support inside int {ωi = ω˜i}. Denote ϕi the time 1 flow of XHi and
L˜i(i+1) =
{
(ϕi(xi), xi+1) | (xi, xi+1) ∈ Li(i+1)
}
L˜(0) = L˜0 × L˜12 × · · ·
L˜(1) = L˜01 × L˜23 × · · · .
Suppose that the generalized intersection points I(L) are contained inside
the product of the int {ωi = ω˜i}, which will be the case when defining HSI
homology. For a generic choice of Hamiltonians, the intersection L˜(0)∩L˜(1) is
transverse. The finite set L˜(0)∩L˜(1) is in one-to-one correspondence with the
set of perturbed generalized intersection points IH(L) consisting of k-tuples
pi : [0, 1] → Mi such that dpidt = XHi , and (pi(1), pi+1(0)) ∈ Li(i+1). Indeed,
given pi(1) = ϕi(pi(0)), they correspond to points (x1, · · · , xk) of L˜(0)∩ L˜(1),
with xi = pi(0).
Let M˜(x, y) be the set of maps ui : R× [0, 1]→Mi such that, with s ∈ R
and t ∈ [0, 1]: 
0 = ∂sui + Jt(∂tui −XHi)
lims→−∞ui(s, t) = ϕti(yi)
lims→+∞ui(s, t) = ϕti(xi)
(ui(s, 1), ui+1(s, 0)) ∈ Li(i+1)
u ·R = 0
I(u) = 1.
The space of quilted Floer trajectories is then the quotient
M(x, y) = M˜(x, y)/R
by the s-reparametrization. For generic choices of Hamiltonians H and al-
most complex structures J , it is a finite set, see [WW10b, Prop. 5.2.1].
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The Floer complex is then defined as
CF (L,H, J) =
⊕
x∈IH(L)
Zx,
and endowed with the differential defined by
∂x =
∑
y
#M(x, y)y,
where #M(x, y) = ∑u∈M(x,y) o(u), with o(u) = ±1 the orientation of the
point u constructed in [WW07] with the unique relative spin structure on L.
Recall the following result from Manolescu and Woodward that makes Floer
homology well-defined for elements of HomSymp(pt, pt):
Theorem 2.14. ([MW12, Theorem 6.5]) Let L and H be as above. There
exists a comeagre subset
J regt (Mi, int {ωi = ω˜i} , J˜i) ⊂ Jt(Mi, int {ωi = ω˜i} , J˜i)
of regular almost complex structures such that the differential is finite and
satisfies ∂2 = 0. Therefore, the quilted Floer homology HF (L) is well-defined
for generic almost complex structures and Hamiltonian perturbations, and
is independent on these choices, except eventually on the reference almost
complex structure.
Remark 2.15. For the manifolds we will work with, the choice of the reference
almost complex structure will not affect the construction since it will be
chosen in a contractible space, see [MW12, Remark 4.13].
Grading. The hypothesis on the minimal Maslov number allows one to de-
fine a relative Z8-grading on the chain complex: if x and y are two generalized
intersection points, and u, v two quilted Floer trajectories (not necessarily
pseudo-holomorphic) connecting them, I(u) = I(v) modulo 8. We then de-
note I(x, y) ∈ Z8 the common quantity. The differential is then of degree 1.
It follows that I(x, y) defines a relative grading on HF (L).
Recall then the following result, which ensures the invariance of quilted
Floer homology under embedded geometric composition:
Theorem 2.16. ([MW12, Theorem 6.7]) Let L be a generalized Lagrangian
correspondence as before. Assume moreover that the geometric composition
Li−1,i ◦ Li,i+1 is embedded, simply connected, (Ri−1, Ri+1)-compatible, and
such that the intersection number of every pseudo-holomorphic quilted cylin-
der with (Ri−1, Ri, Ri+1) is smaller than −2, then HF (L) is canonically
isomorphic to HF (· · ·Li−1,i ◦ Li,i+1 · · · ).
2.3. Cobordisms with vertical boundaries and connected Cerf the-
ory. We start by defining the cobordism category that will be the source of
the Floer field theory functor.
Definition 2.17 (Category of cobordisms with vertical boundaries). We
will call category of cobordisms with vertical boundaries, with degree one Z2-
homology class, and will denote it Cob, the category whose:
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• objects are pairs (Σ, p), where Σ is a compact connected oriented
surface, with connected boundary, and p : R/Z→ ∂Σ is a diffeomor-
phism (parametrization).
• morphisms from (Σ0, p0) to (Σ1, p1) are diffeomorphism classes of 5-
tuples (W,piΣ0 , piΣ1 , p, c), where W is a compact oriented 3-manifold
with boundary, piΣ0 , piΣ1 and p are embeddings of Σ0, Σ1 and R/Z×
[0, 1] into ∂W , the first reversing the orientation, the two others
preserving it, and such that:
– ∂W = piΣ0(Σ0) ∪ piΣ1(Σ1) ∪ p(R/Z× [0, 1]),
– piΣ0(Σ0) and piΣ1(Σ1) are disjoint,
– for i = 0, 1, p(s, i) = piΣi(pi(s)), and
piΣi(Σi) ∩ p(R/Z× [0, 1]) = piΣi(pi(R/Z)) = p(R/Z× {i}),
– c ∈ H1(W,Z2).
We will refer to p(R/Z × [0, 1]) as the vertical part of ∂W , and
will denote it ∂vertW .
Two such 5-tuples (W,piΣ0 , piΣ1 , p, c) and (W ′, pi′Σ0 , pi
′
Σ1
, p′, c′) will
be identified if there exists a diffeomorphism ϕ : W →W ′ compatible
with the embeddings and preserving the classes.
• composition of morphisms consists in gluing along the embeddings,
and adding the homology classes.
We will not assign a Lagrangian correspondence to any cobordism, but
only to certain elementary ones, in the sense of Morse theory. We will see
that an arbitrary cobordism always decomposes into a finite number of such
elementary cobordisms, hence giving rise to a sequence of Lagrangian cor-
respondences, namely a morphism of Symp. The aim of this paragraph is
to prepare the proof of the fact that this construction doesn’t depend on
the decomposition of the cobordism. We will essentially adapt the results of
[GWW] to the framework of Cob. Recall its principal one, which is false in
dimension 1 + 1:
Theorem 2.18 ([GWW]). Let n ≥ 2,
(1) Every connected (n + 1)-cobordism between connected n-manifolds
admits a decomposition into elementary cobordisms such that each
intermediate levels are connected. Such a decomposition will be called
a Cerf decomposition.
(2) Given two such decompositions, it is always possible to go from one to
the other by a finite number of Cerf moves, namely a diffeomorphism
equivalence, a cylinder creation, a cylinder cancellation, a critical
point creation, a critical point cancellation or a critical point switch
(see [GWW] for the definitions, or Definition 2.21).
We define an intermediate cobordism category:
Definition 2.19 (Category of elementary cobordisms with vertical bound-
aries). Let Cobelem stand for the category whose objects are the same as
those of Cob, and whose morphisms are strings of 6-tuples
(Wk, piΣk , piΣk+1 , pk, fk, ck),
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where (Wk, piΣk , piΣk+1 , pk, ck) is a cobordism from (Σk, pk) to (Σk+1, pk+1)
as in Definition 2.17. The map fk : Wk → [0, 1] is a Morse function such
that, for i = 0, 1, f−1k (i) = piΣk+i(Σk+i), admitting at most one critical point
in the interior ofWk and no critical point on ∂Wk, and f(p(s, t)) = t ∈ [0, 1].
Finally ck ∈ H1(Wk,Z2)). We will refer to such cobordisms as elementary,
and denote a sequence of such cobordisms by:
W = (W0, piΣ0 , piΣ1 , p0, f0, c0) · · ·  (Wk, piΣk , piΣk+1 , pk, fk, ck).
Their composition consist in concatenating, and will be denoted .
Remark 2.20. (1) When there will be no ambiguity, we will sometimes
omit the embeddings and the Morse functions, and write simply
(W, c) instead of (W,piΣ0 , piΣ1 , f, p, c).
(2) There is a functor Cobelem→ Cob that doesn’t change the objects
and consists in gluing altogether a string of cobordisms into one
cobordism, adding classes, and forgetting Morse function.
In order to obtain in Proposition 2.22 a similar result of Theorem 2.18
for cobordisms with vertical boundaries endowed with a degree 1 homology
class with Z2 coefficients, we define similar moves for such cobordisms.
Definition 2.21 (Cerf moves). IfW = W1· · ·Wk andW ′ = W ′1· · ·W ′l
are morphisms of Cobelem, we will call the replacement ofW byW ′ a Cerf
move if one of the following modifications is done:
(i) Diffeomorphism equivalence: replacing a Wi = (W,piΣ0 , piΣ1 , f, p, c)
by (W ′, pi′Σ0 , pi
′
Σ1
, f ′, p′, c′), provided there exists a diffeomorphism ϕ
from W to W ′ such that f ′ ◦ ϕ = f , ϕ ◦ piΣi = pi′Σi , for i = 0, 1,
p′ = ϕ ◦ p, and c′ = ϕ∗c.
(ii) Cylinder creation, cylinder cancellation: adding or removing a cobor-
dism (W,piΣ0 , piΣ1 , f, p, c), with:
• W = Σ× [0, 1],
• piΣi = idΣ × {i},
• f(s, t) = t,
• p(s, t) = (p(s), t),
• c = 0.
(iii) Critical point creation, critical point cancellation: A birth-death pair
is a string
(W,piΣ0 , piΣ1 , f, z, 0) (W ′, pi′Σ1 , pi′Σ0 , f ′, z′, 0),
with f and f ′ having exactly one critical points, and such that the
union (W∪Σ1W ′, f∪f ′, 0) is diffeomorphism equivalent to a cylinder.
(iv) Critical point switch: Let s1 and s2 be two disjoint attaching spheres
in Σ, h1, h2 the corresponding handles, W1 the cobordism corre-
sponding to attaching h1,W2 the cobordism corresponding to attach-
ing h2 after having attached h1, W ′2 the cobordism corresponding to
attaching h2, and W ′1 the cobordism corresponding to attaching h1
after having attached h2. The move consists in replacing W1 W2
by W ′2 W ′1.
(v) homology class slide: If ci + ci+1 = di + di+1 in H1(Wi ∪Wi+1;Z2),
and Wi or Wi+1 is a cylinder, replacing (Wi, ci)  (Wi+1, ci+1) by
(Wi, di) (Wi+1, di+1) in (W, c).
HSI: TWISTING, CONNECTED SUMS, AND DEHN SURGERY 15
Proposition 2.22. (1) Every cobordism with vertical boundary (W,p, c)
admits a Cerf decomposition (i.e. Cobelem→ Cob is surjective).
(2) Once glued, two strings of elementary cobordisms define the same
morphism in Cob if and only if one can pass from one to another by
a finite sequence of the previous Cerf moves.
Proof. 1. As in the case without vertical boundary ([GWW, Lemma 2.5])
such a decomposition is obtained from an “excellent” Morse function (that is,
injective on the set of its critical points), without critical points of index 0 and
3, and such that if p and q are two critical points such that ind p < ind q,
then f(p) < f(q). Then, if b0 = min f < b1 < · · · bk = max f is a
sequence of regular values such that [bi, bi+1] contains at most one critical
point, Wi = f−1([bi, bi+1]) is a connected cobordism (provided there are no
index 0 and 3 critical points) between connected surfaces. Indeed, the first
disconnected surface would correspond to a 2-handle attachment, and the
next first connected one would correspond to a 1-handle attachment, but we
assumed that the 1-handles are attached before the 2-handles.
We shall moreover assume that on the vertical boundary, f(p(s, t)) = Kt,
for some constant K > 0. We claim that it is possible to find such a function.
Indeed, starting from a Morse function such that f(p(s, t)) = Kt in the
neighborhood of the vertical boundary, one can rearrange the critical points
and remove the minimums and maximums without modifying the function
on the boundary: it suffices to take a pseudo-gradient parallel to the vertical
boundary, ensuring that the attaching spheres are confined on the interior
of W , then the same proof as in the case without vertical boundary applies.
Furthermore, the class c can be decomposed into classes ci ∈ H1(Wi,Z2):
to see it one can choose a 1-dimensional representative C ⊂W which doesn’t
intersect the intermediate surfaces. A generic representative intersects a
surface in an even number of points, that can be cancelled out in pairs.
2. Given two such Morse functions, it is possible to connect them by a path
of functions having a finite number of birth-death degeneracies, or critical
point switches, while keeping the same values on the vertical boundary. The
end of the proof is completely analogous to the proof of [GWW, Theorem
3.4].
Notice that for the moves (iii), (iv), we assume that the homology class
is zero. This can always be satisfied, up to adding trivial cobordisms, and
since one can isolate the homology classes outside a birth-death pair. 
From Proposition 2.22, one obtains the following criterion, which allows
to factor a functor F : Cobelem → Symp through the gluing functor
Cobelem→ Cob.
Corollary 2.23. Let F : Cobelem→ Symp be a functor satisfying:
(i) F(W, c) = F(W ′, c) whenever (W, c) and (W ′, c) are diffeomorphism
equivalent.
(ii) F(W, 0) = ∆F (S), if W is a trivial cobordism.
(iii) If W W ′ is a birth-death pair, the geometric composition F(W, 0) ◦
F(W ′, 0) satisfies the hypotheses of Theorem 2.16 and corresponds to
the diagonal ∆F (S).
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(iv) If W ′2W ′1 is obtained from W1W2 by a critical point switch, then
F(W1, 0) ◦ F(W2, 0) = F(W ′2, 0) ◦ F(W ′1, 0) and these compositions
satisfy the hypotheses of Theorem 2.16.
(v) If c+ c′ = d+d′, then F(W, c)◦F(W ′, c′) = F(W,d)◦F(W ′, d′), and
the left or right composition of F(S × I, c) with any other morphism
satisfies the hypotheses of Theorem 2.16.
Then F factors to a functor Cob→ Symp.
2
3. Construction of twisted symplectic instanton homology
In order to construct a functor Cob → Symp, we start by building a
functor Cobelem → Symp (first three paragraphs), and we check that
it factors through the gluing functor (fourth paragraph). Finally, in the
last paragraph we will define twisted symplectic instanton homology groups
HSI(Y, c) associated to a 3-manifold Y together with a class c ∈ H1(Y ;Z2).
3.1. The extended moduli space. All the moduli spaces appearing will
always be associated to the Lie group SU(2). We will denote su(2) its Lie
algebra, identified with trace-free antihermitian 2×2 matrices, and endowed
with the usual scalar product 〈a, b〉 = Tr(ab∗) = −Tr(ab). We will always
identify su(2) and su(2)∗ via this scalar product.
Let (Σ, p) be a surface with parametrized boundary as in Definition 2.17,
one can associate to it the extended moduli spaceM g(Σ, p) defined by Jeffrey
in [Jef94] (and also, independently, by Huebschmann [Hue95]). Recall its
definition:
Definition 3.1. (Extended moduli space associated to a surface, [Jef94, Def.
2.1]) Define the following space of flat connections:
A gF (Σ) = {A ∈ Ω1(Σ)⊗ su(2) | FA = 0, A|ν∂Σ = θds},
where ν∂Σ is a non-fixed tubular neighborhood of ∂Σ, s the parameter of
R/Z, and the group
G c(Σ) =
{
u : Σ→ SU(2) | u|ν∂Σ = I
}
acts by gauge transformations.
The extended moduli space is then defined as the quotient
M g(Σ, p) = A gF (Σ)/G
c(Σ),
The following proposition gives an explicit description of this space:
Proposition 3.2. ([Jef94, Prop. 2.5]) Let ∗ ∈ ∂Σ be a base point (we will
usually take ∗ = p(0)). The value θds of the connection in the neighborhood
of the boundary and the holonomy gives an identification of M g(Σ, p) with{
(ρ, θ) ∈ Hom(pi1(Σ, ∗), SU(2))× su(2) | eθ = ρ(p)
}
.
In particular, a presentation of the fundamental group
pi1(Σ, ∗) = 〈α1, β1, · · ·αh, βh〉,
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such that p =
∏h
i=1 [αi, βi] induces a homeomorphism
M g(Σ, p) '{
(θ,A1, B1, · · · , Ah, Bh) ∈ su(2)× SU(2)2h | e2piθ =
h∏
i=1
[Ai, Bi]
}
.
The element θ is such that the connection equals θds in the neighborhood of
the boundary, Ai (resp. Bi) is the holonomy of A along the curve αi (resp.
βi).
Define
N (Σ, p) =
{
(θ,A1, B1, · · ·Ah, Bh) ∈M g(Σ, p) | |θ| < pi
√
2
}
.
This subspace is identified with the open subset of SU(2)2h of elements
(A1, B1, · · · , Ah, Bh) such that
∏h
i=1 [Ai, Bi] 6= −I, and is therefore smooth.
Recall that this space is endowed with Huebschmann-Jeffrey’s 2-form,
similar to the Atiyah-Bott form for a closed surface: if A is a connection
representing a smooth point ofM g(Σ, p), the tangent space may be identified
with the quotient:
T[A]M
g(Σ, p) =
{
α ∈ Ω1(Σ)⊗ su(2) | α|ν∂Σ = ηds, dAα = 0
}{
dAf | f ∈ Ω0(Σ)⊗ su(2), f|ν∂Σ = 0
} .
If α = η ⊗ a and β = µ ⊗ b, with η, µ ∈ su(2) and a, b real-valued 1-forms,
denote 〈α ∧ β〉 the real-valued 2-form defined by
〈α ∧ β〉 = 〈η, µ〉a ∧ b.
The Huebschmann-Jeffrey form ω is then defined by:
ω[A]([α], [β]) =
∫
Σ′
〈α ∧ β〉.
This form is symplectic on the open set N (Σ, p), see [Jef94, Prop. 3.1].
3.2. Compactification by symplectic cutting. In this paragraph we
briefly recall how Manolescu and Woodward obtain an object of Symp from
the space M g(Σ, p): this object N c(Σ, p) is a compactification of N (Σ, p)
obtained by symplectic cutting. We refer to [MW12, Parag. 4.5] for more
details.
The map [A] 7→ θ ∈ su(2) is the moment of an SU(2)-Hamiltonian action,
so [A] 7→ |θ| ∈ R is the moment of a circle action (in the complement of
{θ = 0}). It is then possible to consider Lerman’s symplectic cutting at
some value λ ∈ R, namely the symplectic reduction
M g(Σ, p)≤λ = (M g(Σ, p)× C) //U(1)
of the circle action with moment Φ([A], z) = |θ|+ 12 |z|2 − λ.
Remark 3.3. The circle action is not defined on {θ = 0}, Manolescu and
Woodward consider in reality the reduction
((M g(Σ, p) \ {θ = 0})× C) //U(1),
which contains N (Σ, p) \ {θ = 0}, and then glue back {θ = 0} to it.
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For λ = pi
√
2,
M g(Σ, p)≤pi√2 = N (Σ, p) ∪R,
with R = {|θ| = pi√2}/U(1).
This space will be denoted N c(Σ, p), and ω˜ is the induced 2-form from
the reduction. This form is monotone ([MW12, Proposition 4.10]), but de-
generated on R ([MW12, Lemma 4.11]).
Besides, if one cuts at λ = pi
√
2−  for  small,M g(Σ, p)≤λ is still diffeo-
morphic to N c(Σ, p). Let ϕ : N c(Σ, p)→M g(Σ, p)≤pi√2− be a diffeomor-
phism with support contained in a neighborhood of R, and ω the symplectic
form ofM g(Σ, p)≤pi√2−, then ω = ϕ
∗
ω is a non-monotone symplectic form
on N c(Σ, p).
Finally, J˜ is a “reference” almost complex structure on N c(Σ, p), compat-
ible with ω and such that R is a complex hypersurface.
Recall also the following result concerning the structure of the degeneracy
locus R of ω˜, which will be useful in order to control bubbling phenomenas:
Proposition 3.4. ([MW12, Prop. 3.7]) The hypersurface R admits a 2-
sphere fibration such that the kernel of ω˜ corresponds to the tangent space
of the fibers. Furthermore, the intersection number of a fiber with R in
N c(Σ, p) is -2.
It follows in particular that the pseudo-holomorphic curves of zero area
for ω˜ are branched covers of fibers of this fibration.
To sum up:
Proposition 3.5 ([MW12]). The 5-tuple (N c(Σ, p), ω, ω˜,R,J˜) satisfies the
hypotheses of Definition 2.12: it is an object of Symp.
3.3. Lagrangian correspondences from three-cobordisms. As in Def-
inition 2.17, Let (W,piΣ0 , piΣ1 , p, c) be a cobordism with vertical boundary,
and C ⊂ int(W ) a closed 1-dimensional submanifold, whose homology class
inH1(W,Z2) is c. It will follow from property 3.10 that the next construction
will only depend on c, rather than C.
We start by defining a correspondence L(W,piΣ0 , piΣ1 , p, C) between the
setsM g(Σ0, p0) andM g(Σ1, p1), which will give rise, when the cobordism is
elementary, to a Lagrangian correspondence between the symplectic cuttings.
We will denote it Lc(piΣ0 , piΣ1 , p, C), and it will satisfy the hypotheses of the
category Symp.
Definition 3.6. (i) (Moduli space associated to a cobordism with verti-
cal boundary (W,piΣ0 , piΣ1 , p, C)). Define the following space of con-
nections, where s stands for the R/Z-coordinate of p(R/Z × [0, 1]),
and µ is an arbitrary meridian of C:
A gF (W,C) ={
A ∈ Ω1(W \ C)⊗ su(2) | FA = 0,HolµA = −I, A|νp(R/Z×[0,1]) = θds
}
.
This space is acted on by the following gauge group:
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G c(W \ C) = {u : W \ C → SU(2) | u|νp(R/Z×[0,1]) = I} ,
We then define the quotient
M g(W,piΣ0 , piΣ1 , p, C) = A
g
F (W,C)/G
c(W \ C).
(ii) (Correspondence associated to a cobordism with vertical boundary.)
Let
L(W,piΣ0 , piΣ1 , p, C) ⊂M g(Σ0, p0)− ×M g(Σ1, p1)
be the correspondence consisting of the pairs of connections that
extend flatly to W \ C, with holonomy −I around C:
L(W,piΣ0 , piΣ1 , p, C) = {([A|Σ0 ], [A|Σ1 ]) | A ∈M g(W,C, ∗)}
Remark 3.7. This definition depends on the parametrization p of the vertical
part of ∂W , this dependence will be described in example 3.12.
3.3.1. Homology classes as twisted SO(3)-bundles. We now explain how one
can alternatively define the Lagrangian correspondences by using a twisted
SO(3)-bundle rather than removing the submanifold C. It will follow that
these depend on C only through its class c in H1(W ;Z2), which is dual to the
second Stiefel-Whitney class of the bundle. This fact could also have been
proven directly by observing that the moduli space doesn’t change when one
removes a crossing of C and replace it by two parallel arcs, nevertheless this
point of view highlights the analogy of our exact sequence with Floer’s initial
exact triangle for instanton homology.
Let P be an SO(3)-principal bundle over W defined by gluing the trivial
bundles overW \νC and νC along the boundary ∂νC by a transition function
f : ∂νC → SO(3) such that the image of every meridian of C is non-trivial
in pi1(SO(3)):
P = SO(3)× (W \ νC) ∪f SO(3)× νC.
We will denote τ : P|W\νC → (W \ νC)×SO(3) the trivialization of P on
W \ νC.
Lemma 3.8. The second Stiefel-Whitney class of w2(P ) ∈ H2(W ;Z2) is
Poincare-dual to the image of c in H1(W,∂W ;Z2).
Proof. We start by recalling the construction of w2(P ) in Čech homology:
fix {Ui}i an acyclic cover of W compatible with C in the following sense: in
the neighborhood of C, the cover is modeled on 4 open subsets V0, V1, V2, V3
as in figure 3. Each connected component of νC is covered by 3 (or more)
open subsets of type V0, and ∂νC is covered by V1, V2, V3.
The bundle P is given by transition functions of αij : Ui ∩ Uj → SO(3).
These functions satisfies αijαji = I and αijαjkαki = I. Let
α˜ij : Ui ∩ Uj → SU(2)
be lifts of αij to SU(2), the second former relation becomes
α˜ijα˜jkα˜ki ∈ Z2
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V0
V1
V2
V3
C
Figure 3. The covering in the neighborhood of C.
and allows one to define a 2-cocycle in Čech homology:
(cijk : Ui ∩ Uj ∩ Uk → Z2)ijk ∈ Cˇ2(W,Z2),
and its class in Hˇ2(W,Z2) is then w2(P ), by definition.
By construction of the bundle P , the transition functions can be chosen,
if one still denotes by f an extension of f to a neighborhood of ∂νC, as
αij(x) = f(x) if Ui = V0 and Uj ∈ {V1, V2, V3}, and αij = I otherwise.
By hypothesis, the transition function f doesn’t lift to a function from
∂νC to SU(2). However, it is possible to chose lifts f˜j : Vj → SU(2) for
each j = 1, 2, 3. One can assume that f˜1 = f˜2 on V1 ∩ V2, f˜2 = f˜3 on
V2 ∩ V3, and f˜3 = −f˜1 on V3 ∩ V1. Take then α˜ij(x) = f˜j(x) if Ui = V0 and
Uj ∈ {V1, V2, V3}, and αij = I otherwise. The cocycle (cijk)ijk takes then
the following values:
cijk =
{
−I if {Ui, Uj , Uk} = {V0, V1, V3}
I otherwise,
where V0, V1 and V3 are open subsets of the former type.
Take now a cycle
F =
∑
{i,j,k}∈IF
Ui ∩ Uj ∩ Uk ∈ Cˇ2(W,Z2),
then
〈w2(P ), [F ]〉 =
∑
{i,j,k}∈IF
cijk = [C].[F ].

Let A (W,P ) be the space of flat connections on P of the form θds in the
neighborhood of ∂vertW , where one has identified connections with su(2)-
valued 1-forms via the trivialization τ , and s is the circular parameter of
∂vertW . This space is acted on by the group G 0(W,P ) of gauge transforma-
tions which are trivial in the neighborhood of ∂vertW and homotopic to the
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identity (i.e. the connected component of the identity of the group of gauge
transformations trivial in the neighborhood of ∂vertW ). Let
M g(W,P ) = A (W,P )/G 0(W,P )
be the corresponding orbit space. The trivialization τ allows one to define a
map
M g(W,P )→ N (Σ0)×N (Σ1)
by restriction to the boundaries and pullback to SU(2) × (Σ0 unionsq Σ1). We
denote L(W,P ) ⊂ N (Σ0)×N (Σ1) its image.
Remark 3.9. The moduli spaceM g(W,P ) only depends on the isomorphism
type of P , i.e. the class c, and the correspondence L(W,P ) only depends on
the restriction of τ to ∂W . It follows that L(W,P ) only depends on C via c.
Proposition 3.10. The moduli space M g(W,C) is canonically identified
with M g(W,P ). It follows that L(W,P ) = L(W,C), and from remark 3.9
L(W,C) only depends on the class c.
Proof. In order to prove this, we will construct two maps which will be
inverses from one another:{
Φ1 : M g(W,C)→M g(W,P )
Φ2 : M g(W,P )→M g(W,C).
1. The map Φ1. Let [A] ∈M g(W,C) and take A ∈ [A] a representative.
The connection A descends to a flat connection Â on SO(3) × (W \ νC),
and if µ is a meridian of C, HolµÂ = I. This fact, together with the choice
of a parametrization p : C × R/Z → ∂νC allows one to define a transition
function f : ∂νC → SO(3) by
f(c, s) = Hol{c}×[0,s]Â,
with [0, s] ⊂ R/Z an oriented arc from 0 to s.
This transition function allows one to glue the flat bundle
(SO(3)× (W \ νC), Â)
with the horizontal bundle (SO(3)×νC,Ahoriz). Let (Q,AQ) be the resulting
flat bundle. The function f satisfies the same hypothesis as the one used to
define the bundle P , thus the bundles Q and P are isomorphic. Let ϕ : Q→
P be an isomorphism, such that τ ◦ ϕ is the identity on SO(3)× (W \ νC).
Define finally Φ1([A]) = [ϕ∗AQ] ∈ M g(W,P ). This class is independent
on the choices made, modulo an element of G 0(W,P ).
2. The map Φ2. Let [A] ∈ M g(W,P ), and A ∈ [A] a representative.
The push-forward τ∗A|W\νC defines a connection on SO(3) ×W \ νC, call
A˜ the connection on SU(2) × (W \ νC) pulled-back by the quotient map.
This connection satisfies HolµA˜ = −I for every meridian µ of C, indeed
in the trivialization over νC, the loop γ : s 7→ Hol[0,s]A is nullhomotopic
in SO(3), as µ bounds a disc. It follows that the loop γ˜ : s 7→ Hol[0,s]A
defined in the trivialization over W \ νC is not nullhomotopic, as γ and γ˜
differs by the transition function f . The connection A˜ defines consequently
an element Φ2([A]) of M g(W,C), independent on the choices modulo the
action of G c(W,C).
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These two maps are inverses from one another by construction, and thus
identify M g(W,C) with M g(W,P ). 
3.3.2. Correspondences associated to an elementary cobordism. The mod-
uli spaceM g(W,piΣ0 , piΣ1 , p, c) associated to an arbitrary vertical cobordism
might not be smooth, and the map induced by the inclusion
M g(W,piΣ0 , piΣ1 , p, c)→M g(Σ0)×M g(Σ1)
might not be an embedding, therefore the correspondence L(W,piΣ0 , piΣ1 , p, c)
might not be a Lagrangian submanifold. We will see that these problems
don’t appear for elementary cobordisms. We now describe the correspon-
dences associated to such cobordisms, and then prove that they actually are
Lagrangian submanifolds in Proposition 3.16.
Example 3.11 (Trivial cobordism). Let (Σ, p) be a surface with parametrized
boundary, and W the cobordism with vertical boundary Σ× [0, 1], endowed
with the embeddings pii(x) = (x, i) and p(s, t) = (p(s), t).
• If C = ∅, L(W,C) is the diagonal ∆M g(Σ,x,∗).
• If C 6= ∅, L(Σ × [0, 1], C) is the graph of the diffeomorphism whose
representation-theoretic expression is given by:{
Ai 7→ (−1)αi.C′Ai
Bi 7→ (−1)βi.C′Bi,
where pi1(Σ, p(0)) = 〈α1, · · · , βh〉, C ′ is the projection of C on Σ and
αi.C
′, βi.C ′ denotes the intersection numbers in Σ modulo 2.
In particular, if ai = [αi] ∈ H1(Σ × [0, 1],Z2) and bi = [βi], then L(Σ ×
[0, 1], ai, ∗) corresponds to the diffeomorphism sending Bi to −Bi and pre-
serving the other holonomies, and L(Σ× [0, 1], bi, ∗) corresponds to the dif-
feomorphism sending Ai to −Ai and preserving the other holonomies.
Proof. Take for the link C a simple curve contained in the surface Σ× {12},
so that the complement W \ C retracts to the union of Σ × {0} and a
torus envelopping C and touching Σ×{0} in C×{0}. From the Seifert-Van
Kampen Theorem, pi1(W \C, ∗) ' (Zλ⊕Zµ)∗F2g−1, where λ and µ denotes a
longitude and a meridian of C. Therefore, the representations of pi1(W \C, ∗)
sending µ to −I are in one-to-one correspondence with representations of
(Zλ) ∗ F2g−1 ' pi1(Σ, ∗), as −I is in the center of SU(2). It follows that
M g(W,C) 'M g(Σ× {0}, p).
Let us now look at the mapM g(W,C)→M g(Σ×{1}, p) induced by the
inclusion. If γ is a based loop in Σ, the square γ× [0, 1] meets C γ ·C ′ times,
therefore the holonomy of a connection A around its boundary is (−1)γ·C′ .
Besides, this holonomy is also equal to Holγ×{1}A(Holγ×{0}A)−1.

Example 3.12 (Reparametrization of the vertical cylinder). Suppose that W
and the embeddings pi0, pi1 are as in the previous example, but p(s, t) =
(p(s) + ψ(t), t), for a function ψ : [0, 1] → R. Then the correspondence
L(W,piΣ0 , piΣ1 , C, p) is the graph of the following diffeomorphism:
(θ,A1, B1, · · · ) 7→ (θ,AdeαθA1, AdeαθB1, · · · ),
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with α = ψ(1)−ψ(0). (This corresponds to rotating the boundary of Σ with
an angle α.)
Proof. When reproducing the same reasoning as in the previous example,
the holonomies along the two remaining sides of the square γ× [0, 1] are eαθ
and e−αθ respectively. 
Example 3.13 (Diffeomorphism of a surface). Let ϕ be a diffeomorphism of
(Σ, p) equal to the identity near the boundary,W = Σ×[0, 1], pi0 = idΣ×{0},
pi1 = ϕ × {1}, and p′(s, t) = (p(s), t). If pi1(Σ′, ∗) = 〈α1, · · · , βh〉 is the
free group with 2h generators, let ui(α1, · · · , βh) be the word in α1, · · · , βh
corresponding to ϕ∗αi, and vi(α1, · · · , βh) the word corresponding to ϕ∗βi.
Then L(W,piΣ0 , piΣ1 , p′, 0) is the graph of the diffeomorphism:
(θ,A1, B1, · · · ) 7→ (θ, u1(A1, B1, · · · ), v1(A1, B1, · · · ), · · · ).
In particular, the Dehn twist along a curve freely homotopic to β1 is the
graph of the diffeomorphism:
(θ,A1, B1, · · · ) 7→ (θ,A1B1, B1, · · · ).
Proof. This follows from example 3.11 and the formula giving the holonomy
along a product of loops.

The following example illustrates the necessity of considering the category
Cob rather than a category of cobordisms without vertical boundaries. In-
deed, if one closes the following cobordism by gluing a tube along the vertical
boundary, one obtains a trivial cobordism from the torus to itself, identical
with the one one would have obtained from the cobordism of example 3.11,
but their associated Lagrangian correspondences aren’t the same.
Example 3.14 (A change of “base path”). Let Σ be the 2-torus with a small
disc D removed, ∗ a base point on its boundary, α1 and β1 two simple curves
forming a basis of its fundamental group, and W = (T 2× [0, 1])\S, where S
is a tubular neighborhood of the path (α1(t), t), (with its vertical boundary
parametrized without spinning) see figure 4. L(W,p, 0) is the graph of:
(θ,A1, B1) 7→ (θ,A1, A−11 B1A1).
Proof. Identify α1 and β1 with the corresponding curves in Σ × {0}, and
denote α˜1 and β˜1 the corresponding curves in Σ× {1}. Denote ∗ and ∗˜ the
corresponding base points and γ the vertical arc going from ∗ to ∗˜. The
claim follows from the fact that α˜1 (resp.β˜1 ) is homotopic to γα1γ−1 (resp.
γα−11 β1α1γ
−1).

Example 3.15 (2-handle attachment). Let s ⊂ int(Σ) be a simple curve
freely homotopic to β1, and W : Σ→ S the cobordism corresponding to the
attachment of a 2-handle along s, then pi1(S) = 〈α2, β2, · · · 〉, and
L(W,p, 0) = {(θ,A1, I, A2, B2, · · ·Ah, Bh), (θ,A2, B2, · · ·Ah, Bh)},
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α˜1
β˜1
β1
α1
Figure 4. A change of “base path”.
where A1 ∈ SU(2) and (θ,A2, B2, · · ·Ah, Bh) ∈M g(S).
Proof. The cobordism W retracts to the wedge of S and the circle α1 corre-
sponding to the co-sphere of the handle. It follows thatM g(W ) 'M g(S)×
SU(2).
Furthermore, under this identification, the map M g(W ) → M g(S) is
the projection on the first factor, and M g(W ) → M g(Σ) sends the pair
(A1, [A]) to the connection such that Holβ1 = I, Holα1 = A1, and whose
other holonomies are the same as those of A.

Proposition 3.16. If there exists, as in Definition 2.17, a Morse function
f on W , constant on the boundaries Σ0 and Σ1, and with at most one crit-
ical point, then in restriction to the symplectic part of the moduli spaces,
L(W,piΣ0 , piΣ1 , p, c) is a Lagrangian correspondence.
Proof. An elementary cobordism can be either a trivial cobordism, a 1-handle
or a 2-handle attachment. According to examples 3.11 and 3.15, in each case,
L(W,piΣ, piS , C, p) is smooth and of maximal dimension (in fact, 1-handle and
2-handle attachments are symmetric).
We prove that these correspondences are isotropic for the symplectic form.
Let [A] ∈ M g(W,C, p), take a representative A ∈ [A] of the form η0ds in
the neighborhood of C, where s ∈ R/Z is the parameter of a meridian, and
η0 ∈ su(2) a fixed element such that exp(η0) = −I.
Let α, β be representatives of two tangent vectors in T[A]M g(W,C, p),
namely su(2)-valued 1-forms satisfying dAα = dAβ = 0, and of the form θds
in the neighborhood of ∂vertW . Since every flat connection near A can be
written, up to a gauge transform, in the form η0ds in the neighborhood of
C, one can assume furthermore that α and β vanish in the neighborhood C.
In particular α and β can be extended flatly to W .
If we denote A˜ ∈ L(W,piΣ, piS , C, p) a representative of the image of [A]
by the embedding
HSI: TWISTING, CONNECTED SUMS, AND DEHN SURGERY 25
M g(W,C, p)→M g(Σ0, p0)×M g(Σ1, p1),
and α˜, β˜ ∈ TA˜L(W,piΣ, piS , C, p) the corresponding tangent vectors,
ωA˜(α˜, β˜) =
∫
Σ1
〈α ∧ β〉 −
∫
Σ0
〈α ∧ β〉.
According to Stokes formula:
0 =
∫
W
d〈α ∧ β〉
=
∫
Σ1
〈α ∧ β〉 −
∫
Σ0
〈α ∧ β〉+
∫
∂vertW
〈α ∧ β〉
And the last term vanishes since α and β are proportional to ds on the
vertical part. 
It follows from Proposition 3.16 that the diffeomorphisms appearing in
the previous examples are symplectomorphisms. Only the last kind of cor-
respondences (example 3.15) doesn’t come from a symplectomorphism, but
from a fibered coisotropic submanifold. The following statement, which can
be found in [MW12, Example 6.3] for a spherically fibered coisotropic sub-
manifold, gives an useful criterion for cutting Lagrangian correspondences,
and applies to all the previous examples (indeed, for a symplectomorphism
it suffices to consider C = M0 and ϕ = pi).
Remark 3.17. To be completely rigorous, the 2-form can degenerate, however
“Hamiltonian action” continues to make sense as long as the equation “ιXξω =
d〈H, ξ〉” holds. The following statement still holds in this case.
Proposition 3.18. Let M0 be a symplectic manifold endowed with a U(1)-
Hamiltonian action with moment ϕ0 : M0 → R, together with a coisotropic
submanifold C ⊂ M0 admitting a fibration pi : C → M1 over a symplectic
manifold M1 such that the image of C, L = (ι × pi)(C) ⊂ M−0 ×M1 is a
Lagrangian correspondence.
Let λ ∈ R be a regular value of ϕ0 such that the action of U(1) on ϕ−10 (λ)
is free. One can then take Lerman’s symplectic cutting M0,≤λ = M0,<λ∪R0.
Assume furthermore that C is U(1)-equivariant, and intersects ϕ−10 (λ)
transversely. The U(1)-action descends to a Hamiltonian action with mo-
ment ϕ1 : M1 → R, for which λ is a regular value. We denote M1,≤λ =
M1,<λ ∪R1 Lerman’s symplectic cutting.
Then, the closure Lc of L ∩ (M−0,<λ ×M1,<λ) in M−0,≤λ ×M1,≤λ defines a
(R0, R1)-compatible Lagrangian correspondence.
If furthermore M0,≤λ and M1,≤λ are objects of Symp, and if
L ∩ (M−0,<λ ×M1,<λ)
is simply connected and spin, then Lc is a morphism of Symp: every noncon-
stant pseudo-holomorphic disc (u0, u1) : (D2, ∂D2)→ (M−0,≤λ×M1,≤λ, Lc) of
zero area has an intersection number with (R0, R1) strictly smaller than -2.
26 GUILLEM CAZASSUS
Proof. Denote Φi : Mi ×C→ R the moments of the U(1)-action, defined by
Φi(m, z) = ϕi(m) +
1
2
|z|2 − λ,
which will give rise to the cuttings Mi,≤λ = Φ−1i (0)/U(1). Denote also
Qi = ϕ
−1
i (λ), so that Ri = Qi/U(1). Finally, denote
L˜ = (L× C2) ∩ (Φ−10 (0)× Φ−11 (0)) ⊂M0 × C×M1 × C.
We will show that L˜/U(1)2 ⊂M0,≤λ×M1,≤λ is a smooth Lagrangian cor-
respondence, and is compatible with the hypersurfaces. This correspondence
contains L ∩ (M−0,<λ ×M1,<λ) as an open dense subset, it will follow that
Lc = L˜/U(1)2.
First, Φ−10 (0) and Φ
−1
1 (0) are smooth, provided λ is a regular value of
ϕ0 and ϕ1. The intersection (L × C2) ∩ (Φ−10 (0) × Φ−11 (0)) is transverse in
M0 × C ×M1 × C, indeed ({0} × C2) ∩ (Φ−10 (0) × Φ−11 (0)) = {0}. Finally,
the action of U(1)2 on L˜ is free, provided the action of U(1) is free on C \ 0
and on ϕ−10 (λ), by assumption. It follows that L˜/U(1)
2 is smooth.
Let us prove now the compatibility with the hypersurfaces. First, let
(m0,m1) ∈ L. Since ϕ0(m0) = ϕ1(m1), it follows that
L ∩ (M0 ×Q1) = L ∩ (Q0 ×M1) = L ∩ (Q0 ×Q1),
and
L˜ ∩ (M0 ×Q1 × C2) = L ∩ (Q0 ×M1 × C2) = L ∩ (Q0 ×Q1 × C2),
and then:
Lc ∩ (M0,≤λ ×R1) = L ∩ (R0 ×M1,≤λ) = L ∩ (R0 ×R1).
Let us check now that these intersections are transverse. One should prove
that ∀x ∈ Lc ∩ (R0 ×R1),
TxL
c ∩ Tx(M0 ×R1) = TxLc ∩ Tx(R0 ×M1) = Tx(L ∩ (R0 ×R1)).
Let x ∈ L∩ (Q0×Q1) and (v0, v1) ∈ TxL. It follows from v1 = dpix0 .v0 that:
TxL ∩ Tx(M0 ×Q1) = TxL ∩ Tx(Q0 ×M1) = Tx(L ∩ (Q0 ×Q1)),
and the claim follows.
Finally, let us prove the property about the zero-area pseudo-holomorphic
discs. Let (u0, u1) : D2 → ×M−0,≤λ ×M1,≤λ be such a disc, with boundary
in Lc. Then pi ◦ u0 and u1 coincide on the boundary of D2, and pi ◦ u0 ∪
u1 : D
2 ∪∂D2 D2 → M1,≤λ defines a zero-area nonconstant pseudo-holomor-
phic sphere of M1,≤λ, which intersects R0 in a positive multiple of -2, since
by assumption M1,≤λ is an object of Symp.

Notice that if (W,p, c) is an elementary cobordism,
L(W,p, c) ∩ (N (Σ0, p0)− ×N (Σ1, p1))
may be identified either with N (Σi, pi) × SU(2), with i = 0 or 1, or with
N (Σ0, p0). In both cases, this is an open subset of a product of copies of
SU(2), therefore its second Stiefel-Whitney class vanishes.
Define now the Lagrangian correspondences between the cut spaces:
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Definition 3.19. If (W,p, c) is an elementary cobordism with vertical boun-
dary from (Σ0, p0) to (Σ1, p1), then the correspondence L(W,p, c) satisfies
the hypotheses of Proposition 3.18. One can then define
Lc(W,p, c) ⊂ N c(Σ0, p0)− ×N c(Σ1, p1)
as the closure of L(W,p, c)∩(N (Σ0, p0)− ×N (Σ1, p1)), which is a morphism
of Symp according to Proposition 3.18.
3.4. Cerf moves invariance. The following fact holds true for every cobor-
dism with vertical boundary, elementary or not:
Proposition 3.20 (Composition formula). Let Σ, S, T be three surfaces with
parametrized boundaries, and (W1, c1), (W2, c2) two cobordisms with vertical
boundary, going respectively from Σ to S, and from S to T . Then,
L(W1 ∪S W2, c1 + c2) = L(W1, c1) ◦ L(W2, c2).
Proof. The inclusion of L(W1 ∪S W2, c1 + c2) in the composition is obvious.
The reverse inclusion comes from the fact that, if C1 and C2 are submanifolds
representing the classes c1 and c2, two flat connections on W1 \ C1 and
W2 \ C2 which coincide on S can be glued together to a flat connection on
W1 \ C1 ∪W2 \ C2. 
Remark 3.21. This geometric composition is not embedded in general.
Theorem 3.22. The following functor from Cobelem to Symp factors to
a functor from Cob to Symp.{
(Σ, p) 7→ N c(Σ, p)
(W, f, p, c) 7→ Lc(W, f, p, c).
We will denote L(W,p, c) the image of a cobordism by this functor.
Proof. It suffices to check that the functor satisfies the assumptions of Propo-
sition 2.23. The assumptions (i) and (ii) are clearly satisfied, and (iii) follows
from [MW12, Lemma 6.11]. It remains to check the hypotheses (iv) and (v).
Concerning assumption (iv): let (Σ0, p0) be a surface with parametrized
boundary of genus g ≥ 2, and s1, s2 two disjoint, non-separating, attaching
circles in Σ0. Let
α1, · · · , αg, β1, · · · , βg
be a system of generators of pi1(Σ0, p0(0)) such that ∂Σ0 is the product of
the commutators of the αi and βi, and such that si is freely homotopic to
αi (i = 1, 2).
LetW1 be the cobordism between Σ0 and Σ1 corresponding to the attach-
ment of a 2-handle along s1 (Σ1 has genus g−1), W2 the cobordism between
Σ1 and Σ2 corresponding to the attachment of a 2-handle along s2 (Σ2 has
genus g − 2).
LetW ′1 be the cobordism between Σ0 and Σ˜1 corresponding to the attach-
ment of a 2-handle along s2 (Σ˜1 has genus g−1), W ′2 the cobordism between
Σ˜1 and Σ2 corresponding to the attachment of a 2-handle along s1.
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Σ1
W2
  
Σ0
W1
>>
W ′1   
Σ2
Σ˜1
W ′2
>>
Let C1 = {A1 = I} ⊂ N (Σ0) be the coisotropic submanifold corre-
sponding to W1, and C2 = {A2 = I} ⊂ N (Σ0) the coisotropic submanifold
corresponding to W ′1.
The submanifolds C1 and C2 intersect transversely in N (Σ0), the compo-
sitions L(W1) ◦L(W2) and L(W ′1) ◦L(W ′2) are then embedded, and coincide
since they both correspond to the coisotropic submanifold C1∩C2 ⊂ N (Σ0),
which is fibered over N (Σ2), and simply connected since diffeomorphic to
SU(2)2×N (Σ2). Then, according to Proposition 3.18, its closure inN c(Σ0)
defines a morphism of Symp.
Following the same reasoning as in the proof of [MW12, Lemma 6.11], we
check the quilted cylinders assumption for the composition L(W1) ◦ L(W2)
(the assertion concerning L(W ′1) ◦L(W ′2) is similar). Let us show that every
quilted cylinder intersects the triplet (R0, R1, R2) in a positive multiple of
−2. Let u = (u0, u1, u2) be an index zero pseudo-holomorphic quilt as in
figure 1, such that ui takes values inN c(Σi), and with seam conditions given
by Lc(W1) , Lc(W2) and Lc(W1) ◦ Lc(W2).
By monotonicity, the area of the discs ui for the monotone 2-forms ω˜i
is zero, and thus ui is contained in a fiber of the degeneracy locus Ri. In-
deed, recall that Ri admits a sphere fibration whose vertical bundle exactly
corresponds to the kernel of ω˜i, see Proposition 3.4. Furthermore, the fiber
containing u0 meet the submanifold C1 ∩C2 and is then entirely included in
this last one. Thus, it projects to a fiber of R2. The same applies for u1: it
is contained in {A2 = I} ⊂ N c(Σ1) and projects to a fiber of R2.
Therefore, u2 and the images of u0 and u1 by the projections on N c(Σ2)
glue together to a pseudo-holomorphic sphere of R2, this sphere intersects
R2 in a positive multiple of -2, and this intersection number is precisely
u.(R0, R1, R2).
We now check the hypothesis (v): note that if ci + ci+1 = di + di+1,
then according to Proposition 3.20, L(Wi, ci)◦L(Wi+1, ci+1) and L(Wi, di)◦
L(Wi+1, di+1) coincide with L(Wi ∪ Wi+1, ci + ci+1). Finally, the corre-
spondence associated to a trivial cobordism (Σ × [0, 1], c) is the graph of a
symplectomorphism, hence its left/right composition with every other cor-
respondence satisfies the hypotheses of Theorem 2.16.

3.5. Definition of twisted symplectic instanton homology. Let Y be
a closed oriented 3-manifold, c ∈ H1(Y ;Z2) and z ∈ Y . Denote W the
manifold with boundary obtained from Y by performing a real oriented blow-
up at z, namely W = (Y \ z) ∪ S2, and p : R/Z × [0, 1] → S2 an oriented
embedding. (W,p, c) is a morphism in the category Cob from the disc to
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itself. The set of generalised intersection points I(L(W,p, c)) is contained
in the product of the zero levels of the moment maps “θi = 0”, hence in
int {ωi = ω˜i}. One can then consider their quilted Floer homology. It follows
from Theorem 3.22:
Corollary 3.23. The Z8-relatively graded abelian group HF (L(W,p, c)), up
to isomorphism, only depends on the topological type of Y , the point z, and
the class c. We denote it HSI(Y, c, z).
2
Remark 3.24 (Naturality). We expect that the groups HSI(Y, c, z) are nat-
ural, i.e. canonically defined as groups, and not only up to isomorphism, see
[Caz16, Section 7.1]. If so, one could alternatively see
⋃
zHSI(Y, c, z) as a
bundle over Y , (and in particular over a Heegaard splitting as in [MW12,
Parag. 5.3]). We will sometimes denote HSI(Y, c) instead of HSI(Y, c, z).
Remark 3.25. The functor from Cob to Symp we constructed in this section
allowed us to define HSI homology by taking the quilted Floer homology.
Nevertheless, such a functor might contain more information and should
give rise to other kind of invariants, which algebraic form might be more
sophisticated. Namely, in [WW10a] Wehrheim and Woodward associate to a
Lagrangian correspondence L ⊂M−0 ×M1 a functor between two categories
Don#(M0) and Don#(M1) called “extended Donaldson categories”. One
can hope that their construction give rise to invariants for 3-manifolds with
boundaries endowed with isotopy classes of paths between their boundaries,
similar to those appearing in Fukaya’s recent work [Fuk15]. Such invariants
would motivate the construction and study of the corresponding categories
for the moduli spacesN c(Σ). Similar functors between their derived Fukaya
categories should also exist.
4. First properties
4.1. Computation of HSI(Y,c) from a Heegaard splitting. Let Y =
H0 ∪Σ H1 be a given genus g Heegaard splitting of Y , z ∈ Σ a base point,
and c ∈ H1(Y ;Z2) a homology class, which can be decomposed as the sum
of two classes c = c0 + c1, with c0 ∈ H1(H0;Z2) and c1 ∈ H1(H1;Z2).
Remark 4.1. The maps H1(Hi;Z2) → H1(Y ;Z2) induced by the inclusions
are both surjective, one can always assume either that c0 = 0 or c1 = 0.
Denote by W , Σ′, H ′0 and H ′1 respectively the blow-ups of Y , Σ, H0 and
H1 at z, so that W = H ′0 ∪Σ′ H ′1.
Given a parametrization p : R/Z × [0, 1] → ∂W such that p(R/Z × 12) =
∂Σ′, we denote p0 (resp. p1) the restriction of p to R/Z× [0, 12 ] (resp. R/Z×
[12 , 1]). Hence, in the category Cob,
(H0, p0, c0) ∈ Hom(D2,Σ′), and (H1, p1, c1) ∈ Hom(Σ′, D2).
Let f0, f1 be Morse functions on H0 and H1 respectively, adapted to the
parametrizations p0 and p1 (so that they are vertical), and having each one
exactly g critical points (of index 1 for f0 and index 2 for f1). They decom-
pose H0 and H1 into g elementary cobordisms: H0 = H10 H20  · · · Hg0 ,
H1 = H
1
1 H21  · · · Hg1 .
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Lemma 4.2. For all i from 2 to g, the composition L(H10∪· · ·∪H i−10 )◦L(H i0)
is embedded, satisfies the assumptions of Theorem 2.16, and corresponds to
L(H10 ∪ · · · ∪H i0).
Proof. Let α1, · · ·αi, β1, · · ·βi be a generating system of the fundamental
group of the genus i boundary component of H i0 such that H i0 corresponds to
the attachment of a 2-handle along βi, and such that the curves α1, · · ·αi−1,
β1, · · ·βi−1 induces a generating system for the genus i−1 boundary compo-
nent. Under the following representation-theoretic descriptions of the moduli
spaces
N (Σi−10 ) = {(A1, B1, · · · , Ai−1, Bi−1) | [A1, B1] · · · [Ai−1, Bi−1] 6= −I}
N (Σi0) = {(A1, B1, · · · , Ai, Bi) | [A1, B1] · · · [Ai, Bi] 6= −I},
the correspondences are given by:
L(H10 ∪ · · · ∪H i−10 ) = {(A1, 1I, A2, 2I, · · · )},where i = ±1
L(H i0) = {(A1, B1, · · · , Ai−1, Bi−1), (A1, B1, · · · , Ai−1, Bi−1, Ai, iI)}.
The intersection (L(H10 ∪ · · · ∪H i−10 )×N (Σi0))∩L(H i0) is hence transverse
in N (Σi−10 )×N (Σi0), and corresponds to
{(A1, 1I, · · · , Ai−1, i−1I), (A1, 1I, · · · , Ai−1, i−1I, Ai, iI)} ' SU(2)i.
The projection toN (Σi0) induces an embedding to L(H10∪· · ·∪H i0), which is
simply connected, and compatible (because disjoint) with the hypersurface
Ri.
Furthermore, the zero area pseudo-holomorphic disc assumption is auto-
matically satisfied because L(H10 ∪ · · · ∪H i0) is disjoint from Ri, and the one
concerning cylinders can be checked as in the proof of Lemma 3.22: pro-
vided one of the three patches is sent to a point, one can remove it, and
the quilted cylinder corresponds then to a quilted disc as in figure 5, with
boundary conditions in L(H10 ∪ · · · ∪H i−10 ) and L(H10 ∪ · · · ∪H i0), and seam
conditions in L(H i0). Such a quilted disc projects to a zero area disc of
N (Σi−10 ) with boundary in L(H
1
0 ∪ · · · ∪H i−10 ), which cannot exist because
this last Lagrangian is disjoint from the degeneracy locus Ri−1 of the 2-form
ω˜i−1.

Hence, the generalized Lagrangian correspondence L(H0, p0, c0) is equiv-
alent in Symp to the Lagrangian L(H0, p0, c0), and the same holds for H1.
As a consequence of Theorem 2.16, we then get:
Proposition 4.3. Under these conditions, HSI(Y, c, z) ' HF (L0, L1;R),
where Li = L(Hi, ci, pi) ⊂ N c(Σ, p). In particular, for c = 0, HSI(Y, 0, z)
corresponds to the group HSI(Y, z) defined by Manolescu and Woodward.
2
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L0 L01
L1
M0 M1
Figure 5. A quilted disc.
4.2. Orientation reversal. Let L ∈ HomSymp(pt, pt) be a generalized
Lagrangian correspondence. One can define the cohomology HF ∗(L), i.e.
the homology of the dual complex CF ∗(L) = HomZ(CF∗(L),Z) of CF∗(L),
equipped with the dual differential.
Recall that one denotes LT the generalised Lagrangian correspondence ob-
tained by reversing the arrows. The following fact is a quilted generalization
of the duality HF ∗(L0, L1) ' HF∗(L1, L0).
Proposition 4.4. HF∗(LT ) ' HF ∗(L).
Proof. Assume that L has transversal self-intersection, so that I(L) and
I(LT ) are finite sets, which are canonically identified. From this identifi-
cation, the complexes CF ∗(L) and CF∗(LT ) are identified as Z-modules,
denote respectively ∂ and ∂T their differentials.
Let x, y ∈ I(L) be two generalised intersection points. A quilted trajec-
tory u with seam conditions in L and going from x to y can be seen, by
applying the holomorphic involution (s, t) 7→ (−s, 1 − t) to the domain, as
a quilted trajectory uT with seam conditions in LT and going from y to x,
hence contributing to ∂T .
Consequently, the moduli spaces involved for defining ∂ and ∂T are in
one-to-one correspondence, it remains to compare their orientations. Recall
these are defined after specifying a relative spin structure on L (which in our
case exists and is essentially unique), an end datum at each strip-like end,
to which are associated Fredholm operators Dx and Dy, and an orientation
for each of these operators, we refer to [WW07] for more detail and the
corresponding definitions of these notions.
When passing from u to uT the sign change is given by the orientation of
the isomorphism
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det(Dx)⊗ det(Du)⊗ det(Dy)→ det(Dy)⊗ det(Du)⊗ det(Dx),
which is (−1)Ind(Dx)Ind(Dy)+Ind(Dx)Ind(Du)+Ind(Du)Ind(Dy). Furthermore, the
index of u is 1, and Ind(Dx) + Ind(Du) + Ind(Dy) = 0, since the total La-
grangian boundary condition is required to be spin. Hence the sign change is
−1, which means that ∂T corresponds to −∂ under the former identification,
and the homology groups are isomorphic. 
If Y, c is a 3-manifold endowed with a homology class, z a base point,
denote W the blow up, and W the blow-up with reversed orientation. Then,
one has L(W, c) = L(W,p, c)T . Then, denoting HSI∗ what we denoted HSI
so far, and HSI∗ the cohomology, one has:
Proposition 4.5. HSI∗(Y , c, z) ' HSI∗(Y, c, z)
2
4.3. Connected sum. In order to prove Theorem 1.1, recall the Künneth
formula for quilted Floer homology, see [WW10b, Theorem 5.2.6] for the
monotone non-relative setting, whose proof straightforwardly generalises to
the setting of Symp:
Proposition 4.6. (Künneth formula, [WW10b, Theorem 5.2.6]) Let L and
L′ be two generalized Lagrangian correspondences from pt to pt, then
HF (L,L′) ' HF (L)⊗HF (L′)⊕ Tor(HF (L), HF (L′))[−1],
where Tor stands for the Tor functor, and [−1] means a −1 shift in degrees.
2
Proof of Theorem 1.1. Let L and L′ be the generalized Lagrangian corre-
spondence associated to (Y, c) and (Y ′, c′), which are both morphisms of
Symp from pt to pt. Then L,L′ is a generalized Lagrangian correspondence
associated to (Y, c)#(Y ′, c′). The claim follows from Proposition 4.6. 
4.4. Euler characteristic. As the groups HSI(Y, c, z) are relatively Z8-
graded, their Euler characteristic χ(HSI(Y, c, z)) is defined only up to a
sign.
Proposition 4.7. If b1(Y ) = 0, |χ(HSI(Y, c, z))| = CardH1(Y ;Z), other-
wise χ(HSI(Y, c, z)) = 0.
Proof. The case when c = 0 has been established by Manolescu and Wood-
ward, [MW12, Parag. 7.1]: for c0 = c1 = 0, the Euler characteristic is given
by the intersection number [L(H0, c0)].[L(H1, c1)] of the two Lagrangians in-
side the moduli space of the splitting, and this number is computed in [AM90,
Prop. III.1.1, (a),(b)]. If c 6= 0, the intersection number remains unchanged,
indeed L(Hi, ci) can be sent to L(Hi, 0) through a (non-Hamiltonian) iso-
topy of SU(2)2h in the following way: for some fixed presentation of the
fundamental group, L(Hi, ci) is defined by equations
{(A1, B1, · · · ) | A1 = 1I, A2 = 2I, · · · } ,
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where i = ±1. It then suffices to take a path in SU(2) going from −I to I
to set all the i equal to +1.

4.5. Manifolds of Heegaard genus 1. Manolescu and Woodward com-
puted the HSI homology groups for manifolds of Heegaard genus 1 when
the class c is zero, see [MW12, Prop. 7.2, 7.3]. Their computations can be
extended to all classes.
Proposition 4.8. (i) For Y = S2 × S1 and c ∈ H1(Y ;Z2),
HSI(Y, c) =
{
Z[0]⊕ Z[3] if c = 0,
{0} otherwise.
(ii) HSI(L(p, q), c) has rank p for every class c. Furthermore, all non-
zero classes have the same parity in degree.
Proof. (i): For c = 0, HSI(S2 × S1) has been computed by Manolescu and
Woodward. For c 6= 0, with Σ the genus 1 splitting and A, B the holonomies
along a basis of the fundamental group of Σ whose first curve bounds a disc
in both solid tori, the two Lagrangians {A = I} and {A = −I} are disjoint.
Concerning L(p, q), one can take a Heegaard splitting and a coordinate
system such that the two Lagrangians are defined by: L0 = {B = I} and
L1 = {ApB−q = ±I}. They intersect cleanly in a union of copies of S2 and,
depending on the parity of p, one or two points. One can displace one of
the two Lagrangians by a Hamiltonian isotopy in a way that the intersection
becomes transverse, and each copy of S2 gives rise to two points. There are
now p intersection points, besides one knows that this number corresponds
to the intersection number of the two Lagrangians. Hence the chain complex
doesn’t have nontrivial summands of consecutive degree, and its differential
is trivial.

5. Dehn surgery
In this section we prove the surgery exact sequence, Theorem 1.3. Re-
call its setting: Y is an oriented compact 3-manifold with boundary, whose
boundary is a 2-torus, c is a class in H1(Y ;Z2), α, β and γ are three ori-
ented simple closed curves in ∂Y such that α.β = β.γ = γ.α = −1, Yα, Yβ
and Yγ denote the Dehn fillings of Y along these curves. For δ ∈ {α, β, γ},
let cδ ∈ H1(Yδ;Z2) denote the push-forward of c by the inclusions, and
kδ ∈ H1(Yδ;Z2) the class corresponding to the core of the solid torus. The
aim of Theorem 1.3 is to prove a long exact sequence:
· · · → HSI(Yα, cα + kα)→ HSI(Yβ, cβ)→ HSI(Yγ , cγ)→ · · · .
Remark 5.1. By cyclic symmetry of the three curves, the modification kα
can also be put on Yβ or Yγ . It is also possible to prove a more symmetric
sequence:
· · · → HSI(Yα, cα + kα)→ HSI(Yβ, cβ + kβ)→ HSI(Yγ , cγ + kγ)→ · · · .
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Indeed, let d be the class of the curve α in H1(Y ;Z2). Its induced classes
on Yα, Yβ and Yγ are respectively 0, kβ and kγ . The exact sequence of the
theorem applied with c+ d instead of c gives the announced exact sequence.
In order to prove this theorem, we will see that a Dehn twist of the punc-
tured torus T ′ along a non-separating simple closed curve induces a symplec-
tomorphism of the moduli space N c(T ′). This symplectomorphism can be
expressed as a Hamiltonian flow outside the Lagrangian sphere correspond-
ing to the connections whose holonomy along the curve γ is −I. Whereas
this is not a priori a generalized Dehn twist, it is nevertheless possible to
build such a twist that permits to obtain the exact sequence, by applying an
analog of Seidel’s exact sequence (Theorem 5.2 ) for quilted Floer homology.
5.1. Generalized Dehn twists and quilted Floer homology. All the
symplectic manifolds, Lagrangians, and Lagrangian correspondences appear-
ing by now will satisfy, unless explicitly stated, the assumptions of the cat-
egory Symp. Let M0, M1, ..., Mk be objects of Symp,
L =
(
M0
L01 // M1
L12 // M2
L23 // · · ·L(k−1)k// Mk Lk // pt
)
,
a generalized Lagrangian correspondence, S ⊂M0 a Lagrangian sphere dis-
joint from the hypersurface R0, and τS ∈ Symp(M0) a generalized Dehn
twist along S, as defined in section 5.1.1 (or [Sei03, Section 1.2]). The aim
of this section is to prove the following theorem:
Theorem 5.2. Let L0 ⊂ M0 be a Lagrangian submanifold, S and L as
before. Assume further that dimS > 2. There exists a long exact sequence:
. . .→ HF (τSL0, L)→ HF (L0, L)→ HF (L0, ST , S, L)→ · · ·
Remark 5.3. This theorem has been established byWehrheim andWoodward
in the monotone setting [WWa, Theorem 1.3] for the case of fibered Dehn
twists. Our proof in the setting of the category Symp follows the same lines,
the main additional point to check is that there is no bubbling on the divisors
any time a reasoning involving 1-dimensional moduli spaces appears.
Remark 5.4. The assumption dimS > 2 involved in this theorem ensures the
monotonicity of a Lefschetz fibration. A similar statement probably holds,
however we will limit ourselves to this case, since dimS = 3 would suffice to
prove Theorem 1.3.
5.1.1. Generalized Dehn twists in symplectic manifolds. We briefly review
some material concerning generalized Dehn twists, and refer to [Sei03, Sec-
tion 1] for more details.
Dehn twist inside T ∗Sn. Consider the cotangent bundle T = T ∗Sn en-
dowed with its standard symplectic form ω =
∑
i dqi ∧ dpi. If Sn in endowed
with the round metric, T may be identified with{
(u, v) ∈ Rn+1 × Rn+1 | |v| = 1, 〈u.v〉 = 0} .
Denote T (λ) = {(u, v) ∈ T | |u| ≤ λ}, In particular T (0) refers to the zero
section.
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The function µ(u, v) = |u| generates a circle action on the complement of
the zero section, and its flow at time t is given by:
σt(u, v) = (cos(t)u− sin(t)|u|v, cos(t)v + sin(t) u|u|),
and the time pi flow extends to the zero section by the antipodal map, which
we will denote A.
Let λ > 0, and R : R→ R a smooth function vanishing for t ≥ λ, and such
that R(−t) = R(t)− t. Consider the Hamiltonian H = R ◦µ on T (λ) \T (0):
its time 2pi flow is given by ϕH2pi(u, v) = σt(u, v), with t = R′(|u|), and extends
smoothly to the zero section by the antipodal map. The symplectomorphism
obtained τ is a “model Dehn twist”, with angle function R′(µ(u, v)).
Definition 5.5. A model Dehn twist will be said to be concave if the func-
tion R involved in the definition is strictly concave and decreasing, that is,
satisfying R′(t) ≥ 0 and R′′(t) < 0 for all t ≥ 0.
Seidel proves the following result in a slightly general case, allowing the
angle functions to oscillate slightly, in a “δ-wobbly” way, with 0 ≤ δ < 12 .
The following statement, corresponding to δ = 0, will be enough for our
purpose.
Lemma 5.6. ([Sei03, Lemma 1.9]) Suppose that the twist τ is concave. Let
F0 = T (λ)y0 and F1 = T (λ)y1 be fibers over two points y0, y1 ∈ Sn. Then
τ(F0) and F1 intersect transversely in a single point y. Moreover, this point
satisfies
2piR′(y) = d(y0, y1),
where d stands for the standard distance on Sn.
Dehn twist along a Lagrangian sphere. Let S ⊂ M be a Lagrangian
sphere, it admits a Weinstein neighborhood, namely a symplectic embedding
ι : T (λ)→M for some λ > 0, with ι(T (0)) = S. Hence, a model Dehn twist
of T (λ) defines a symplectomorphism of M , denoted by τS , with support
contained in ι(T (λ)).
A symplectomorphism of M is called a generalized Dehn twist along S if
it is Hamiltonian isotopic to such a model Dehn twist.
Remark 5.7. While two model Dehn twists of T (λ) always differ from a
Hamiltonian isotopy of T (λ), a Dehn twist along S may depend on the
parametrization of S, see [RE].
5.1.2. Homology with coefficients in the group ring of R. The principal in-
gredient in the proof of Seidel’s theorem relies in the fact that the Floer
complexes are R-graded by the symplectic action, since both symplectic
manifolds and Lagrangians he considers are exact. The leading order terms
of the morphisms involved in the exact sequence with respect to this filtra-
tion induced by this grading correspond to small energy pseudo-holomorphic
curves. It then suffices suffices to prove that these induce an exact sequence.
When the symplectic manifolds and Lagrangians aren’t exact anymore
but only monotone, the symplectic action is only defined modulo M = κN ,
with κ the monotonicity constant and N the minimal Maslov number, see
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section 5.1.7. Wehrheim and Woodward’s approach consist in encoding this
energy in the power of a formal parameter q, via the group ring of R:
Λ =
{
n∑
k=1
akq
λk
∣∣∣∣∣ n ≥ 1, ak ∈ Z, λk ∈ R
}
.
The Floer complex with coefficients in this ring is then the free Λ-module
CF (L; Λ) := CF (L)⊗Z Λ, endowed with the differential ∂Λ defined by:
∂Λx− =
∑
x+
∑
u∈M(x−,x+)
o(u)qA(u)x+,
where x+, x− ∈ I(L) are generalized intersection points,M(x−, x+) denotes
the moduli space of index 1 generalized Floer trajectories with zero intersec-
tion with R (modulo translation), o(u) = ±1 is the orientation of the point
u in the moduli space constructed in [WW07] from of the unique relative
spin structure on L, and A(u) is symplectic area for the monotone forms ω˜i.
The homology of (CF (L; Λ), ∂Λ) is then the Λ-module denoted HF (L; Λ).
Generally, this homology may differ from the homology with Z-coefficients,
we will however see in section 5.1.8 that the monotonicity of L ensures that
CF (L; Λ) ' CF (L;Z)⊗Z Λ, and HF (L) ' HF (L; Λ)/(q − 1).
5.1.3. Short exact sequence at the chain level. The following proposition fol-
lows from Lemma 5.6:
Proposition 5.8. Let ι : T (λ) → M0 be a symplectic embedding, τS a con-
cave model Dehn twist associated to ι. Assume:
i) that I(L0, L) is disjoint from ι (T (λ)),
ii) that L0 ∩ ι(T (λ)) is a union of fibers:
ι−1(L0) =
⋃
y∈ι−1(L0∩S)
T (λ)y ⊂ T (λ)
iii) that L01 and S ×M1 intersect transversely in M0 ×M1, and that,
denoting pi : ι (T (λ))→ S the projection,
L01 ∩ (ι (T (λ))×M1) = (pi × idM1)−1(L01 ∩ (S ×M1)).
Then, there exists two natural injections
i1 : I(τSL0, ST , S, L)→ I(τSL0, L)
and
i2 : I(L0, L)→ I(τSL0, L)
such that
I(τSL0, L) = i2 (I(L0, L)) unionsq i1
(I(τSL0, ST , S, L)) .
Proof. Denote νS = ι (T (λ)),
I(τSL0, L) =I(τSL0, L) ∩ (M0 \ νS)×M1 × · · · ×Mk
unionsq I(τSL0, L) ∩ νS ×M1 × · · · ×Mk.
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According to i) and the fact that τS has support contained in νS,
I(τSL0, L) ∩ (M0 \ νS)×M1 × · · · ×Mk = I(L0, L).
The map i2 can then be chosen to be the identity. From ii), one has:
I(τSL0, L) ∩ νS ×M1 × · · · ×Mk =
⋃
x0∈L0∩S
I(τS (T (λ)x0) , L).
Let y ∈ I(S,L), by assumption T (λ)y0 × {y1} ⊂ L01, and by Lemma 5.6,
τS (T (λ)x0) and T (λ)y0 intersect in exactly one point z. One then defines
i1 by taking i1(x0, y0, y1, · · · ) = (z, y1, · · · ). This map realizes a bijection
between I(τSL0, ST , S, L) and⋃
x0∈L0∩S
I(τS (T (λ)x0) , L).
Indeed its inverse map is given by the map (z, y1, · · · ) 7→ (x0, y0, y1, · · · ),
where x0 = pi(z) and y0 = pi(τ−1S (z)).

Remark 5.9. Up to displacing the Lagrangians by Hamiltonian isotopies and
taking λ sufficiently small, one can always assume that the hypotheses of
Proposition 5.8 are satisfied. Indeed all the intersections can be made trans-
verse, and then one can choose the embedding ι in order to have ii) and
iii).
Hence one has the direct sum decomposition of the following Λ-modules:
CF (τSL0, L; Λ) = CF (L; Λ)⊕ CF (τSL0, ST , S, L; Λ),
and a Λ-modules short exact sequence (and not necessarily chain complexes):
(1) 0→ CF (τSL0, ST , S, L; Λ)→ CF (τSL0, L; Λ)→ CF (L0, L; Λ)→ 0.
Remark 5.10. The sphere S being invariant by the twist, one has the follow-
ing isomorphisms:
CF (τSL0, S
T , S, L; Λ) ' CF (τSL0, τSST , S, L; Λ)
' CF (L0, ST , S, L; Λ).
5.1.4. Quilted Lefschetz fibrations. The strategy for proving the long exact
sequence consists in approximating the maps of the short exact sequences
by chain complexes morphisms. In order to commute with the differentials,
these morphisms will be constructed by counting pseudo-holomorphic quilts,
more precisely pseudo-holomorphic sections of quilted Lefschetz fibrations.
We recall the definitions of these objects, taken from [WW09] and adapted
to the framework of the category Symp.
Definition 5.11. Let S be a compact Riemann surface, possibly with boun-
dary. A Lefschetz fibration over S, in the framework of Symp, consists of a
tuple (E, pi, ω, ω˜, R, J˜), with:
• E a compact orientable manifold of dimension 2n+ 2,
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• pi : E → S a surjective differentiable map, such that ∂E = pi−1(∂S),
which is a submersion except at a finite number of critical points
Ecrit, disjoint from ∂E,
• J˜ an almost complex structure on E, integrable in a neighborhood
of Ecrit, such that the differential of pi is C-linear, and that in a
neighborhood of each critical point, in holomorphic charts, pi can be
written:
pi(z0, · · · , zn) =
∑
i
z2i ,
• ω and ω˜ two closed 2-forms on E which are non-degenerated in the
neighborhood of the critical points,
• R an almost complex hypersurface for J˜ , disjoint from Ecrit, trans-
verse to the fibers of pi, and such that for every regular fiber F of pi,
(F, ω|F , ω˜|F , R ∩ F, J˜|F ) is an object of Symp.
Remark 5.12. We assume that ω˜ is monotone only along the fibers, however
according to [WWa, Prop. 4.6], provided n ≥ 2, this implies that the form
ω˜ is monotone on E.
Definition 5.13. A quilted surface with strip-like ends consists of:
(1) a compact quilted surface S,
(2) a finite set of incomings and outgoing marked points,
E = E− unionsq E+ ⊂ ∂S.
(3) strip-like ends associated to each marked point e ∈ E , namely quilted
holomorphic maps
e :
{
[0,+∞)× [0, Ne]→ S if e ∈ E+ is an outgoing end
(−∞, 0]× [0, Ne]→ S if e ∈ E− is an incoming end
having for limit e in ±∞, and whose image’s closures is a neighbor-
hood of e in S. If Ne represents the number of patches S1, S2, · · · ,
SNe touching e, [0,±∞) × [0, Ne] can be seen as a quilted surface
with Ne parallel strips of width 1 seamed altogether. The map e
corresponds to Ne maps:
k,e : [0,±∞)× [k − 1, k]→ Sk.
Definition 5.14. Let S be a quilted surface with strip-like ends, a quilted
Lefschetz fibration over S, with seam and boundary conditions, consists of:
(1) For each patch Sk, a Lefschetz fibration pik : Ek → Sk as in Defini-
tion 5.11.
(2) A set of Lagrangian seam and boundary conditions, denoted F , con-
sisting of:
(a) for a seam σ = {Ik0,b0 , Ik1,b1} ∈ S, a submanifold
Fσ ⊂ Ek0 |Ik0,b0 ×|Ik0,b0 ϕ
∗
σEk1 |Ik1,b1 ,
which is isotropic for the forms ω˜i, transverse to the fibers, and
such that the intersection with every fiber is a Lagrangian cor-
respondence satisfying the assumptions of Symp. Recall that
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ϕσ : Ik,b → Ik′,b′ refers to the real analytic diffeomorphism which
identifies the seams.
(b) for a boundary Ik,b /∈
⋃
σ∈S σ, a submanifold Fk,b ⊂ Ek|Ik,b ,
transverse to the fibers, and such that its intersection with every
fiber is a Lagrangian submanifold satisfying the hypotheses of
Symp.
(3) trivializations over the ends k,e:
k,e
∗(Ek) ' (Ek)e × [0,±∞)× [k − 1, k],
such that the seam and boundary conditions are constant in these
identifications:
Fσ ' (Fσ)e × [0,±∞)× {k}, and Fk,b ' (Fk,b)e × [0,±∞)× {k}.
Relative invariant associated to a quilted Lefschetz fibration. Let
pi : (E,F ) → S be a quilted Lefschetz fibration as before, and J = (Jk)k a
family of almost complex structures on E, which coincide with the reference
almost complex structures J˜ in a neighborhood of the hypersurfaces R, and
such that the projections are pseudo-holomorphic, and compatible with the
2-forms ωk along the fibers,
If u : (S,S) → (E,F ) is a pseudo-holomorphic section, its associated lin-
earized Cauchy-Riemann operator is defined by:
Du :
{
Ω0(u∗T vertE, u∗T vertF )→ Ω0,1(u∗T vertE)
ξ 7→ ddt t=0Π−1tξ ∂J expu(tξ),
where Ω0(u∗T vertE, u∗T vertF ) denotes the space of quilted sections of the
fibration u∗T vertE with values in u∗T vertF over the seams (for suitable
Sobolev norms), Ω0,1(u∗T vertE) stands for the (0, 1)-forms with values in
this fibration, ∂Ju = 12(du + J(u) ◦ du ◦ j) is the Cauchy-Riemann oper-
ator associated to J , and Πtξ : Tu(x)M → Texpu(x)(tξ)M refers to a parallel
transport.
As soon as the end conditions are transverse, Du is a Fredholm opera-
tor, see [WW09, Lemma 3.5], and is surjective for generic almost complex
structures, see [WWa, Theorem 4.11].
For such almost complex structures, the moduli space of J-holomorphic
sections s : S → E, with seam/boundary conditions given by F , with zero
intersection with the family of hypersurfaces R, and having for limits
x ∈
∏
e∈E−(S)
I(L(ke,0,be,0), · · · , L(ke,l(e),be,l(e))),
and
y ∈
∏
e∈E+(S)
I(L(ke,0,be,0), · · · , L(ke,l(e),be,l(e)))
at the corresponding ends is the union of smooth manifoldsM(E,F , J, x, y)k
of dimensions k ≥ 0. Their dimension corresponds to the index of the opera-
tor Du. This index generalizes the Maslov index and can be computed from
topological data, see [WW07].
In this setup, M(E,F , J, x, y)0 is a compact manifold of dimension 0,
which allows one to define a map:
40 GUILLEM CAZASSUS
CΦE,F :
⊗
e∈E−(S)
CF (L(ke,0,be,0), · · · , L(ke,l(e),be,l(e)))
→
⊗
e∈E+(S)
CF (L(ke,0,be,0), · · · , L(ke,l(e),be,l(e)))
by the following formula:
CΦE,F (⊗e∈E−(S)(x0e, · · ·xl(e)e )) =
∑
⊗yie
∑
s∈M(E,F ,x,y)
o(s)qA(s) ⊗e (yie)i,
For generic almost complex structures, this map commutes with the dif-
ferential. To prove this fact, one applies the following standard argument in
Floer theory: one observes that the coefficients of ∂CΦE,F −CΦE,F∂ corre-
sponds to the cardinal of the boundary of a compact 1-dimensional manifold.
Lemma 5.15. There exists a comeagre subset of almost complex structures
on E for which the Gromov compactification of M(E,F , J, x, y)1 is a com-
pact one-dimensional manifold with boundary, and its boundary is identified
with:
∂M(E,F , J, x, y)1 =
⋃
x′
M˜(x, x′)1 ×M(E,F , J, x′, y)0
∪
⋃
y′
M(E,F , J, x, y′)0 × M˜(y′, y)1,
where x′ (resp. y′) runs over the generating set of the source (resp. tar-
get) chain complex, M˜(x, x′)1 and M˜(y′, y)1 denote the quotients by R of
the spaces of index 1 quilted Floer trajectories, i.e. the coefficients of the
differentials of the corresponding complexes.
Proof. The fact that the right hand side is contained in the left hand side
is a standard gluing result, see [WW09, Theorem 3.9]. The fact that there
is no other kind of degeneracies comes from Gromov compactness and the
following Lemma 5.16: 
Lemma 5.16. There exists a comeagre subset of almost complex structures
on E for which no bubbling appears in the moduli spaces of sections of index
smaller or equal to 1.
The argument is analogous to the one appearing in the proof of [MW12,
Prop. 2.10]. We recall it here in this setup. It is based on the following
lemma, which ensures that every pseudo-holomorphic section appearing in
these spaces intersect the hypersurface transversely.
Lemma 5.17. (see [MW12, Lemma 2.3]) There exists a comeagre subset of
regular almost complex structures on E for which the moduli spaces of pseudo-
holomorphic sections are smooth, and the subspaces consisting of sections
meeting R at points of order of tangency k are contained in the finite union
of codimension 2k submanifolds.
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Proof. This is an analog of [CM07, Proposition 6.9], applied to each patch
of the quilt. The proposition is stated for surfaces without boundary, yet
the proof adapts to our framework: the subset of the universal moduli space
{(u, J) | ∂Ju = 0} consisting of pairs such that ui admits an order k tan-
gency point with Ri is a Banach submanifold of codimension 2k. The claim
then follows from Sard-Smale theorem applied to the projection (u, J) 7→ J
defined on this space.

Proof of Lemma 5.16. According to Lemma 5.17, for generic almost-complex
structures, every curve in the 0 and 1-dimensional moduli spaces intersect
the hypersurfaces transversely.
A compactness theorem analog to the one concerning non-quilted pseudo-
holomorphic curves is still valid, see [WW09, Theorem 3.9]. Let s∞ be a
limit of quilted sections: it consists a priori of a nodal quilted map
s∞ = u∞ ∪
⋃
k
bk ∪
⋃
l
dl,
with a principal component u∞ (which might be broken), some bubbles
(bk)k, possibly quilted if attached along a seam, attached to it, and discs
(dl)l attached to the boundaries, as depicted in figure 6).
Figure 6. A section with bubbling.
Each disc and bubble, which comes from a zoom in the neighborhood of a
point in the base, is necessarily contained in a fiber of E. Hence, according
to [MW12, Lemma 2.9], every disc and bubble has non-negative index. This
index is hence zero, otherwise it would be greater than 4 (which divides the
minimal Maslov number), which is impossible since the initial configuration is
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of index smaller than 2. The area of these discs and bubbles for the monotone
forms ω˜i are thus zero: they are consequently contained in the hypersurfaces
R. Since the Lagrangian submanifolds associated to a boundary are disjoint
from the hypersurfaces, the nodal map contains no discs dl.
Hence, the only kind of possible bubbling would be spheres, quilted or not,
contained in the hypersurfaces R. Each sphere would have an intersection
number with the hypersurfaces smaller than -2, by definition of the category
Symp. On the other hand the total intersection number s∞.R is zero, but
we have
s∞.R = u∞.R+
∑
k
bk.R = 0,
which implies that u∞.R is greater than twice the number of bubbles. It
follows that u∞ intersects R transversely at points to which no bubbles are
attached, which is impossible for a limit of curves that do not intersect R. 
One can now show that the map CΦE,F commutes with the differentials
of the complexes, and induces a morphism ΦE,F at the level of homology
groups, which are independent on the regular almost complex structures J ,
and invariant under Hamiltonian isotopies. The proof of these two facts is
a standard argument, similar to the one given in section 5.1.6, and consist-
ing in joining two almost complex structures by a path and considering a
one-dimensional parametrized moduli space, which can be compactified in a
manifold with boundary, and provides a homotopy between the two corre-
sponding chain maps.
Lefschetz fibration associated to a generalized Dehn twist. A Lef-
schetz fibration is endowed with its canonical symplectic connection [Sei03,
Formula (2.1.5.)] on the complement of the critical set,
T hE = (Ker Depi)
ω.
One can then define the monodromy along a path of the base avoiding the
critical values.
As noticed by Arnold in [Arn95], the monodromy of a Lefschetz fibration
around a critical value is a generalized Dehn twist. Conversely, if τS is a
model Dehn twist along a Lagrangian sphere S ⊂ M (disjoint from the
hypersurface R), there exists a Lefschetz fibration ES , called the standard
fibration associated to τS , over the disc, with a single critical point over 0,
whose fiber over 1 isM , and monodromy around 0 corresponds to this twist,
see for example [Sei03, Lemma 1.10, Prop. 1.11]. If M is monotone, ES
is also monotone as long as S has dimension greater than 2, according to
[WWa, Prop. 4.9]. We refer to [Sei03, Lemma 1.10] for the construction of
this fibration.
Recall the two following definitions, taken from [Sei03]:
Definition 5.18. An almost complex structure J on E is called horizontal
if it preserves the decomposition TE = T vE ⊕ T hE on the complement of
the critical set.
Definition 5.19. A quilted Lefschetz fibration is said to have positive cur-
vature if for all horizontal tangent vector v, ω(v, Jv) ≥ 0.
These ensures the following proposition:
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Proposition 5.20. Let (E,F ) be a quilted Lefschetz fibration with positive
curvature, J a family of horizontal almost complex structures, and u a J-
holomorphic section. Then u has positive area:
∑
i
∫
u∗iωi ≥ 0.
Proof. Let v + h ∈ TxEi = TxEvi ⊕ TxEhi be a tangent vector to the total
space. ωi(v+h, Ji(v+h)) ≥ 0, Indeed it is the sum of the 4 following terms:
ωi(v, Jiv) ≥ 0, since ωi is symplectic in restriction to the fibers, and Ji is
compatible with ωi.
ωi(h, Jih) ≥ 0, since the fibration has positive curvature.
ωi(v, Jih) = ωi(h, Jiv) = 0, since Ji is horizontal, and by definition TxEhi
is the orthogonal of TxEvi for ωi.
It follows that the bilinear form ωi(., Ji.) is positive, hence the claim. 
Remark 5.21. The standard Lefschetz fibrations ES associated to model
Dehn twists have positive curvature, according to [Sei03, Lemma 1.12, (iii)].
Composition of relative invariants. Let pi1 : E1 → S1 and pi2 : E2 → S2
be quilted Lefschetz fibrations as in Definition 5.14, with boundary and seam
conditions respectively F 1 and F 2. Suppose there exists a bijection between
the incoming ends E2,− of S2 and the outgoing ends E1,+ of S1 such that
pi1 and pi2 coincide on each end, i.e. the number of patches, the symplectic
manifolds and the correspondences associated to the seams correspond.
Let ρ > 0, denote by S1 ∪ρ S2 the quilted surface obtained by gluing the
patches
[0, ρ]× [k − 1, k] ⊂ [0,+∞)× [k − 1, k]
and
[−ρ, 0]× [k − 1, k] ⊂ (−∞, 0]× [k − 1, k],
and E1 ∪ρ E2 the glued quilted fibration.
The following proposition is the analog of [WWa, Theorem 4.18], its proof
is identical.
Proposition 5.22. For ρ sufficiently large, there exists a comeagre subset
of product almost complex structures for which the spaces of index 0 and 1
pseudo-holomorphic sections are smooth and may be identified with the fibered
products:
M(E1 ∪ρ E2, F 1 ∪ρ F 2)0 'M(E1, F 1)0 ×ev1,ev2M(E2, F 2)0,
M(E1 ∪ρ E2, F 1 ∪ρ F 2)1 'M(E1, F 1)0 ×ev1,ev2M(E2, F 2)1
∪M(E1, F 1)1 ×ev1,ev2M(E2, F 2)0,
where evi : M(Ei, F i) → I(E1,+) is the map sending a section to its limits
at the incoming (resp. outgoing) ends for E2 (resp. E1).
It follows that CΦE1 ◦ CΦE2 = CΦE1∪ρE2
2
5.1.5. Construction of the maps. in order to construct the two chain complex
morphisms
CΦ1 : CF (τSL0, S
T , S, L; Λ)→ CF (τSL0, L; Λ)
CΦ2 : CF (τSL0, L; Λ)→ CF (L0, L; Λ)
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which will approximate the maps of the short exact sequence 1 induced by
the inclusions of the intersection points from Proposition 5.8, we apply the
previous construction to the two quilted Lefschetz fibrations described here.
Definition of CΦ1: The map CΦ1 is defined as being the relative invariant
associated to the quilted Lefschetz fibration (E1, F 1)→ S1 described in fig-
ure 7: the quilted surface S1 consists of k parallel strips [0, 1] × R seamed
altogether, and a pair of pants seamed to the others along one of its bound-
aries, see figure 7. The fibration E1 is trivial on each patch, its various fibers
M0, ... , Mk are specified in the figure. The Lagrangian conditions F 1 are
constant in these trivializations and correspond to L on the parallel strips,
S on the boundary component joining the two incoming ends, and τSL0 on
the last boundary of the pair of pants.
τSL0
S
L01
L(k−1)k
M0
M1
Mk
Figure 7. Quilted surface defining CΦ1.
Denote by
Φ1 : HF (τSL0, S
T , S, L; Λ)→ HF (τSL0, L; Λ)
the map induced by CΦ1 in homology.
Definition of CΦ2: The map CΦ2 is defined as being the relative invariant
associated to the quilted Lefschetz fibration (E2, F 2) → S2 described in
figure 8: S2 consists of k+1 parallel strips seamed altogether. The restriction
of E2 over the first strip corresponds to ES , the standard fibration associated
to S, and is trivial over the other strips, with fibers specified in the figure.
The Lagrangian conditions F 2 are constant in the trivializations of all but
the first patches, and correspond to L. On the patch corresponding to M0,
as in [Sei03], we have drawn a dashed line connecting the critical value with
a boundary point, and we trivialize the fibration on the complement of this
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path. In this trivialization, the Lagrangian conditions on the two sides of
the path differ from the monodromy of this fibration, namely the twist τS .
M0
Mk
M1
τSL0 L0
L01
L(k−1)k
Lk
Figure 8. Quilted Lefschetz fibration defining CΦ2.
We denote by Φ2 : HF (τSL0, L; Λ) → HF (L0, L; Λ) the induced map in
homology.
5.1.6. The composition is homotopic to zero. According to Proposition 5.22,
the composition CΦ2 ◦ CΦ1 corresponds to the relative invariant associated
to the glued fibration S1 ∪ρ S2, for a sufficiently large gluing parameter ρ.
By deforming the base surface, we will show that CΦ2 ◦CΦ1 is homotopic to
the composition CΦ4 ◦ CΦ3 of two relative invariants, then we will see that
the morphism CΦ3 is homotopic to 0.
Let E3 → S3 and E4 → S4 be as in figure 9, and ρ′ a sufficiently large
gluing parameter so that, by Proposition 5.22, CΦ4 ◦ CΦ3 = CΦE3∪ρ′E4 .
The fibrations E1 ∪ρ E2 and E3 ∪ρ′ E4 are diffeomorphic. As a smooth
manifold, denote E their common total space, S their common base and pi
the common projection.
We describe a one parameter family of almost complex structures on this
fibration, (Et, St)t∈[0,1], that interpolates from E1 ∪ρ E2 to E3 ∪ρ′ E4:
Let (j
t
)t∈[0,1] be a one parameter family of complex structures on S1 ∪ρ
S2 ' S3∪ρ′ S4 such that j0 corresponds to the complex structure of S1∪ρS2
and j
1
corresponds to the one from S3 ∪ρ′ S4.
Let (J t)0≤t≤1 be a one parameter family of complex structures on the
total space Et such that J0 corresponds to the almost complex structure of
E1 ∪ρE2, J1 corresponds to the almost complex structure of E3 ∪ρ′ E4, and
such that for all t, the projection pi is (J t, jt)-holomorphic.
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S
L01
L(k−1)k
M0
M1
L0
Mk
Lk
S
Figure 9. Quilted fibration defining CΦ4 and CΦ3.
The standard following reasoning, see for example [MS12, Th. 3.1.6], en-
ables one to prove that such a generic deformation induces a homotopy be-
tween the maps CΦ2 ◦ CΦ1 and CΦ4 ◦ CΦ3. One considers the following
parametrized moduli space: for k = −1 or 0, let Mkparam =
⋃
t {t} ×Mkt ,
whereMkt stands for the union over all x ∈ I(L0, S, ST , L), y ∈ I(L0, L), of
the moduli spacesMt(x, y)k of pseudo-holomorphic sections of Et of index k,
having for limits x and y at the ends. This space corresponds to the vanish-
ing locus of a section of a Banach bundle, whose linearization near a solution
is a Fredholm operator: the linearized parametrized Cauchy-Riemann oper-
ator, see [MS12, Def. 3.1.6]). For a generic choice of families j
t
and J t, it
is surjective. In these conditions, Mkparam is a manifold with boundary of
dimension k + 1.
HenceM−1param has dimension zero and provides a map
h : CF (L0, S, S
T , L; Λ)→ CF (L0, L; Λ)
defined by:
h(x) =
∑
y
∑
u∈M−1param(x,y)
o(u)qA(u)y,
andM0param has dimension 1, and furnishes a cobordism which can be used
for proving that h is a homotopy. Indeed it can be compactified in a compact
manifold with boundary, whose boundary may be identified with the disjoint
union:
M0 unionsqM1
⊔
x′
M˜(x, x′)×M0par(x′, y)
⊔
y′
M0par(x, y′)× M˜(y′, y),
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where M˜ stands for the moduli space of pseudoholomorphic strips involved
in the differentials, and x′, y′ run over the generating sets of the source and
target Floer complexes.
Proof of the compactification ofM0param. No bubbling can occur on the La-
grangians and on the hypersurfaces, for the same reasons as in the proof of
Lemma 5.16. 
It follows that
−CΦE1∪ρE2 + CΦE3∪ρ′E4 + ∂h+ h∂ = 0,
which proves that CΦ2 ◦ CΦ1 and CΦ4 ◦ CΦ3 are homotopic.
It remains to show that CΦ3 is homotopic to 0. This follows from [WWa,
Cor. 4.23]: on the one hand, for r > 0 sufficiently small, the standard fibra-
tion over the disc of radius r doesn’t admit index zero pseudo-holomorphic
sections, since there exists a family of sections of index c − 1, with c the
dimension of the sphere S, which is strictly greater than 2, and whose area
tends to 0 when r → 0. By monotonicity, every other section of smaller in-
dex has negative area and cannot be pseudo-holomorphic, since the fibration
has positive curvature. Hence the sections over the disc of some fixed radius
are cobordant to the empty set, a cobordism being given by a parametrized
moduli space
⋃
r∈[r0,1] {r} ×Mr union of moduli spaces corresponding to
index zero sections of the standard fibration over the disc of radius r, and
r0 sufficiently small in order to haveMr0 = ∅.
5.1.7. Small energy contributions. The aim of this section (Proposition 5.26)
is to describe the low degree (in q) part of the maps CΦ1 and CΦ2 when
the Dehn twist is “sufficiently thin”. An analogous statement in Wehrheim
and Woodward’s framework is [WWa, Theorem 5.5]. In our case, we prove
Proposition 5.26 by adapting the original proof of Seidel ([Sei03, Parag. 3.2-
3.3]).
Preliminaries. While Wehrheim and Woodward’s proof involves analytic
arguments such as the mean value inequality, Seidel’s proof in the exact
case is based on a priori area computations with action functionals aL0,L1
associated to pairs of Lagrangians (L0, L1). For quilted Floer homology, the
analog of these functionals is the quilted action functional, [WW10b, Parag.
5.1]. Recall its definition:
Definition 5.23 (Quilted action). Let L˜ : pt → M0 → · · · → pt be a
generalized Lagrangian correspondence satisfying the assumptions of Def-
inition 2.12.
(i) Denote
P(L˜) = {α = (αi : [0, 1]→Mi \Ri)i | (αi(1), αi+1(0)) ∈ Li,i+1}.
The intersection points I(L˜) are identified with the constant paths.
Notice that P(L˜) is arc-connected since the Lagrangian correspon-
dences are connected, and the manifolds Mi are simply connected.
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(ii) The symplectic action is the functional a
L˜
: P(L˜) → R/MZ, where
M = κN1 is the minimal area of a sphere with positive area, defined
as follows.
Fix a base path αbas in P(L˜). If α ∈ P(L˜), pick a path αt joining
αbas and α in P(L˜), which can be seen as a quilted surface
α˜ = (α˜i : [0, 1]× [0, 1]→Mi \Ri).
Define then
a
L˜
(α) =
∑
i
∫
[0,1]2
α˜i
∗ω˜i,
where ω˜i denotes the monotone form of Mi.
From the monotonicity of Mi \Ri and simply-connectedness of the Li,i+1,
this quantity is well-defined moduloMZ (if one picks another path β
t
joining
αbas and α in P(L˜), then after capping each corresponding seams by discs
in the Lagrangian correspondences, one can see that the two areas differ
by a sum of areas of spheres inside each symplectic manifold). The action
functional is then well-defined, up to a constant, depending on the choice of
the base path.
Hence, if u is a quilted strip joining x, y ∈ I(L˜), its symplectic area modulo
M is given by the difference:
A(u) = a
L˜
(y)− a
L˜
(x).
In our framework, define aL0,L, aS,L and aL0,S so that, if x˜0 ∈ L0 ∩ S,
x ∈ I(S,L) and y ∈ I(L0, L), the quantity
χ(x˜0, x, y) = aL0,L(y)− aL0,S(x˜0)− aS,L(x)
coincide moduloM with the area of a quilted triangle whose seam conditions
are specified in figure 10. This holds true in the following case: choose base
paths for aL0,S and aS,L with the endpoint of the first coinciding with the
beginning of the second, then take the concatenation as a base path for aL0,L.
Define now aτSL0,S and aτSL0,L so that they coincide with aL0,S and aL0,L
for paths whose M0 component is outside ι(T (λ)). In this way, if x˜0 ∈
τSL0 ∩ S, x ∈ I(S,L) and y ∈ I(τSL0, L), the quantity
χτS (x˜0, x, y) = aτSL0,L(y)− aτSL0,S(x˜0)− aS,L(x)
represents the area of a quilted triangle as in figure 7 defining the map CΦ1.
We want to express this quantity from the function R and the data before
the twist.
Proposition 5.24. Assume:
(i) That the hypotheses of Proposition 5.8 are satisfied, in order to have:
I(τSL0, L) = i2(I(L0, L)) ∪ i1((L0 ∩ S)× I(S,L)).
1N is the minimal Maslov number, κ = 1
4
is the monotonicity constant
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L0
S
L01
L(k−1)k
M0
M1
Mk
y
x˜0
x
Figure 10. Triangle of area χ(x˜0, x, y) modulo M .
(ii) That L01 is a product in a neighborhood of each intersection point of
I(S,L), namely:
∀x ∈ I(S,L), ∃U0, U1 : U0 × U1 ∩ L01 = T (λ)x0 × L1(x),
with x = (x0, x1, · · · ), U0 (resp. U1) a neighborhood of x0 in M0
(resp. of x1 in M1), and L1(x) ⊂ U1 a Lagrangian (depending on x).
Then,
(1) If x˜0 ∈ τSL0 ∩ S, x ∈ I(S,L) and y0 denotes the M0 coordinate of
i1(x˜0, x),
χτS (x˜0, x, i2(x˜0, x)) = KτS (y0)− 2piR(0) (mod M),
with KτS (y0) = 2pi(R
′(µ(y0))µ(y0) − R(µ(y0))) the function associ-
ated to the twist as in [Sei03], and as in sections 5.1.1, µ and R
refer respectively to the norm of a covector and the function used for
defining the twist (primitive of the angle function).
Moreover, KτS (y0) − 2piR(0) is exactly the area of an index zero
triangle.
(2) If x˜0 ∈ τSL0 ∩ S, x ∈ I(S,L) and y ∈ I(L0, L) = i2(I(L0, L)),
χτS (x˜0, x, y) = χ(A(x˜0), x, y)− 2piR(0) (mod M).
(3) If x˜0 ∈ τSL0 ∩ S, x ∈ I(S,L) and y = i2(z˜0, z) ∈ i2(I(L0, L)),
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χτS (x˜0, x, y) = χτS (z˜0, z, i2(z˜0, z)) + aL0,S(A(z˜0)) + aS,L(z)
− (aL0,S(A(x˜0)) + aS,L(x)) (mod M).
Proof. As L01 is a product in the neighborhood of the points of I(S,L), the
part in M1,M2, · · · ,Mk of the quilted triangles involved in the computation
of χτS is the same as the one appearing in χ: only the M0 part can change
its area, and the computation reduces to Seidel’s one, see formula (3.7) in
the proof of [Sei03, Lemma 3.2]. 
Remark 5.25. These formulas are illustrated in figure 11: χτS (x˜0, x, y) rep-
resents the area of a quilted triangle as in figure 7. It is the sum of the area
of a polygon independent on the twist (the empty polygon for the purple
triangle, a triangle for the green triangle, and a rectangle for the yellow tri-
angle) and a small quantity which depends on the primitive R of the angle
function.
L1τSL0
S
L1τSL0
S
Figure 11. Three triangles whose area is given by χτS .
Proposition 5.26 (Small energy contributions). Let  > 0 be sufficiently
small. Assume:
(i) that the hypotheses of Proposition 5.24 are satisfied,
(ii) (a) ∀x 6= y ∈ I(L0, L), aL0,L(x)− aL0,L(y) /∈ (−3, 3),
(b) ∀(x˜0, x) 6= (z˜0, z) ∈ (L0 ∩ S)× I(S,L),
aL0,S(z˜0) + aS,L(z)− (aL0,S(x˜0) + aS,L(x)) /∈ (−3, 3),
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(c) ∀x˜0 ∈ L0 ∩ S, x ∈ I(S,L), y ∈ I(L0, L),
aL0,L(y)− (aL0,S(x˜0) + aS,L(x)) /∈ (−5, 5).
(iii) 0 ≥ 2piR(0) > −, and τS is concave, in the sense of Definition 5.5.
Then, under these hypotheses,
(a) CΦ1 = CΦ1,≤ + CΦ1,≥2, with:
(i) CΦ1,≤(x) = ±qA(x)i1(x), where A(x) is a number satisfying
0 ≤ A(x) ≤ ,
(ii) CΦ1,≥2 is of order greater than 2.
(b) CΦ2 = CΦ2,≤ + CΦ2,≥2, with:
(i) CΦ2,≤(i1(x)) = 0 and ˜CΦ2(i2(x)) = ±x,
(ii) CΦ2,≥2 is of order greater than 2.
(c) The homotopy h, and the three differentials are of order greater than
2.
Remark 5.27. One can always assume that the hypotheses of Proposition 5.26
are satisfied. Indeed, it suffices as a fist step to perturb L0, L01 and S by
Hamiltonian isotopies and take  small enough in order to guarantee the
inequalities, then slightly perturb and eventually decrease λ to ensure the
assumptions of Proposition 5.8.
Proof. (a) Denote M(x˜0, x, y)0 the moduli space of index zero quilted tri-
angles as in figure 7, having for limits x˜0, x and y at the ends. Suppose
y = i1(x˜0, x), and u ∈M(x˜0, x, y)0. One has
〈CΦ1(x˜0, x), y〉 = #M(x˜0, x, y)qA(u).
On the one hand,
A(u) = χτS (x˜0, x, i2(x˜0, x)) = KτS (y0)− 2piR(0) ∈ [0, ),
by Proposition 5.24.
On the other hand, #M(x˜0, x, y)0 = ±1. This can be proven by a cobor-
dism argument similar to the one involved in the proof that CΦ2 ◦CΦ1 and
CΦ4 ◦ CΦ3 are homotopic. We recall briefly this argument, and refer to
[Sei03, Prop. 3.4] for more details. Consider a family (ft : Sn → S)t∈[0,1] of
parametrizations of S such that f0 coincide with the embedding ι : T (0)→M
and f1 sends the antipode A(x0) to the point x˜0. This family allows one to
define a parametrized moduli space (Mt)t∈[0,1], where M0 = M(x˜0, x, y)0
andMt denotes the moduli space corresponding to the model Dehn twist in-
duced by ft. For a generic family ft, this space is a 1-dimensional cobordism
between M0 and M1. Moreover, this cobordism is compact, according to
Lemma 5.16 and since there is not enough energy for positive area breaking
to appear, by assumption. In addition, M1 consists of a single point, the
constant triangle.
Suppose now y 6= i1(x˜0, x). By the hypotheses and Proposition 5.24,
χτS (x˜0, x, y) /∈ [0, ) ⊂ R/MZ.
Hence, the area of every pseudo-holomorphic triangle, necessarily positive,
is greater than .
52 GUILLEM CAZASSUS
(b) For CΦ2, Seidel’s proof applies similarly, see [Sei03, Section 3.3]. We
recall it briefly: if x ∈ I(τSL0, L) and y ∈ I(L0, L), take an horizontal
almost complex structure on E2, which is possible by [Sei03, Lemma 2.9]).
Since the fibration has positive curvature, the only zero area J-holomorphic
sections are the constant sections, i.e. intersection points of I(L0, ST , S, L).
There is exactly one such section when y = i2(x), and zero if y 6= i2(x).
Every other section has a strictly positive area, according to Proposition 5.20,
since the fibration has positive curvature, and this area is given by aL0,L(y)−
aτSL0,L(x). If one denotes x˜ the point whose first coordinate is the image of
the one from x by the antipodal map, this quantity is given by, according to
[Sei03, Formula (3.2)]:
aL0,L(y)− aL0,L(x˜)− 2piR(0) + 2pi
∫ ||y||
0
(R′(||y||)−R′(t))dt,
where y = ι−1(x˜0) ∈ T (λ). By assumptions (ii) (a) and (iii), this quantity
is greater than 2.
(c) Similarly, an action computation permits to prove the claim for the
order of the homotopy: let (x˜0, x) ∈ I(τSL0, S, S, L) and y ∈ I(L0, L), the
area of a section contributing to the coefficient (h(x˜0, x), y) is:
aS,L(y) + aτSL0,S(y˜0)− aS,L(x)− aτSL0,S(x˜0)
= aL0,S(y0)− aL0,S(xˆ0) + aS,L(y)− aS,L(x),
denoting y˜0 the antipode of the first coordinate y0 of y, and xˆ0 the antipode
of x˜0. This quantity is greater than 2 by assumption (ii)(b).
Finally, the three differentials are of order ≥ 2 by (ii)(b) for the one
from CF (τSL0, S, S, L), and (ii)(a) for the ones from CF (τSL0, L) and
CF (L0, L). 
5.1.8. Proof of the triangle. One can now prove Theorem 5.2, following the
same strategy as in [WWa, Parag. 5.2.3]. Suppose now that the hypotheses
of Proposition 5.26 are satisfied. Introduce the following notations: denote
the three chain complexes with coefficients in Z by:
A0 =CF (τSL0, S
T , S, L;Z)
A1 =CF (τSL0, L;Z)
A2 =CF (L0, L;Z),
and denote Ci the complexes with coefficients in Λ, Ci = Ai ⊗Z Λ as Λ-
modules, and endowed with their respective differentials ∂0, ∂1 and ∂2. The
maps CΦ1, CΦ2 and the homotopy h between CΦ2 ◦CΦ1 and the zero map
constructed in paragraph 5.1.6 are specified in the following diagram:
C0
CΦ1 //
h
99C1
CΦ2 // C2.
The mapping cone Cone CΦ1 is the chain complex C0 ⊕ C1 whose differ-
ential is given by:
∂Cone CΦ1 =
[ −∂0 0
−CΦ1 ∂1
]
.
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From the snake lemma, the short exact sequence on chain complexes induces
the long exact sequence:
· · · → H∗(C0)→ H∗(C1)→ H∗(Cone CΦ1)→ · · · ,
where the first map is Φ1. It then suffices to prove that the morphism of
chain complexes
(h,−CΦ2) : Cone CΦ1 → C2
induces an isomorphism in homology. This will be the case if and only if its
mapping cone is acyclic. As a Λ-module, Cone (h,−CΦ2) = C0 ⊕ C1 ⊕ C2.
In this decomposition, its differential is given by:
∂ =
 ∂0 0 0CΦ1 −∂1 0
−h CΦ2 ∂2
 .
The following Lemma 5.29 permits to prove the acyclicity of a chain complex
over Λ from the leading term of its differential. Its conclusion only holds in
the q-adic completion of Λ, i.e. the universal Novikov ring:
Λˆ =
{ ∞∑
k=0
akq
λk : ak ∈ Z, λk ∈ R, lim
k→+∞
λk = +∞
}
Recall first some terminology for R-graded modules.
Definition 5.28. An R-graded module A is a module endowed with a de-
composition A =
⊕
r∈RAr. Its support is defined by SuppA = {r : Ar 6= 0}.
Let I ⊂ R, A is said to have gap I if ∀r, r′ ∈ SuppA, r − r′ /∈ I.
If r′ ∈ R, we denote A[r] the shift defined by A[r]s = Ar+s. One has
SuppA[r] = SuppA− r.
A linear map f : A→ B between two graded modules is said
• to be of order I if for all r, f(Ar) ⊂
⊕
i∈I Br+i.
• to have gap I if for all r, the image f(Ar) has gap I.
Lemma 5.29. ([Per08, Lemma 5.3]) Let  > 0, (A, d) an R-graded module
which has gap [, 2), endowed with a differential d of order [0, ). Let D =
A⊗Z Λ, Dˆ = A⊗Z Λˆ be its completion, and ∂ a differential on Dˆ such that:
(i) ∂ is Dˆ-linear and continuous.
(ii) ∂(A) ⊂ A⊗Z Λˆ+, where Λˆ+ =
{∑∞
k=0 akq
λk ∈ Λˆ : λk ∈ R+
}
.
(iii) ∂ = ∂≤ + ∂≥2, where ∂≤ = d ⊗ Λˆ is the differential induced by d,
and ∂≥2 of order [2,+∞).
(iv) (A, d) is acyclic.
Then, (Dˆ, ∂) is acyclic.
In order to apply this lemma to the double mapping cone, equip A =
A0 ⊕A1 ⊕A2 with the following grading 2:
• A0 is concentrated in degree 0.
2Here appears a difference with Seidel’s proof in the exact setup: the complex cannot
be graded by the action, which is only defined modulo M . The conclusion is then a
priori weaker: the acyclicity only holds after completion. We will however see that the
monotonicity hypotheses allows one to obtain acyclicity over Z.
54 GUILLEM CAZASSUS
• A1, which is isomorphic to A0 ⊕ A2, is graded in the following
way: its first component is graded so that CΦ2,≤ has degree 0:
if (x˜0, x) ∈ I(L0, L), define deg i2(x˜0, x) = χτS (x˜0, x, i2(x˜0, x)). The
second component is concentrated in degree 0.
• A2 is concentrated in degree 0.
According to propositon 5.26, suppA ⊂ [0, ). Moreover, by construction,
the differential
d =
 0 0 0CΦ1,≤ 0 0
0 CΦ2,≤ 0
 ,
preserves this grading.
The module Dˆ is then identified with C = Cone(h,−CΦ2). Its differential
∂ defined before satisfies the assumptions (i), (ii) and (iii) of Lemma 5.29,
by Proposition 5.26. Furthermore, d is acyclic. Indeed, in the decomposition
A1 = A0 ⊕A2, according to Proposition 5.26,
CΦ1,≤ =
(
IdA0
0
)
and CΦ2,≤
(
0 IdA1
)
,
hence d =

0 0 0 0
IdA0 0 0 0
0 0 0 0
0 0 IdA1 0
, which is clearly acyclic.
We now explain why the monotonicity of the Lagrangian correspondences
ensures the acyclicity over Z, hence the exact sequence of Theorem 5.2.
Recall that if x, y are generators of a chain complex Ci, the symplectic area
of a strip u going from x to y is given by A(u) = 18I(u) + c(x, y)
3, where
c(x, y) is a quantity independent from the strip u. These quantites satisfy
c(x, z) = c(x, y)+c(y, z). Similarly, if now x and y are generators of different
complexes Ci and Cj , there exists similar quantities c(x, y) giving the area of
section of the fibrations defining CΦ1 and CΦ2, and these quantities satisfy
the same additivity relation, by additivity of the area and of the index.
Recall also that the differentials ∂0, ∂1 and ∂2 count index 1 strips,
CΦ1 and CΦ2 index 0 sections, and h index −1 sections. Hence, denoting
d(x, y) = c(x, y) + i(x)− i(y), where i(x) = 0, 1, 2 refers to the subcomplex
in which x belongs, the coefficient (∂x, y) is of the form m(x, y)q
d(x,y)
2 .
Fix x0 an arbitrary generator of C, and let f : C → C be defined on the
generators by: f(x) = qd(x0,x)x.
An elementary computation shows then that ∂f = q
1
8 f∂Z, with (∂Zx, y) =
m(x, y). It follows that H∗(Dˆ, ∂) and H∗(Dˆ, ∂Z) are isomorphic. Hence, by
the universal coefficients theorem,
H∗(Dˆ, ∂) ' H∗(A, ∂Z)⊗Z Λˆ⊕ TorZ(H∗(A, ∂Z), Λˆ)[−1].
Yet, H∗(Dˆ, ∂) = 0 by Lemma 5.29, hence H∗(A, ∂Z) = 0 by the classification
of finite type abelian groups, and the fact that (Zn)⊗Z Λˆ 6= 0.
3 1
8
= 1
2
κ, where κ = 1
4
is the monotonicity constant of the forms ω˜.
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5.2. Action of a Dehn twist on a surface. The aim of this section is to
study the geometric nature of the transformation induced by a Dehn twist
on a surface Σ along a non-separating curve on the moduli spaces N (Σ).
We will see in Proposition 5.31 that this transformation can be expressed
as a Hamiltonian flow on the complement of a coisotropic submanifold, and
we will show in Theorem 5.37 that, when Σ is a punctured torus, this trans-
formation almost corresponds to a Dehn twist, except that its support isn’t
compact in N (Σ). We will see however that a generalized Dehn twist can
be built out from this symplectomorphism, which will allow us to prove
Theorem 1.3.
The group of diffeomorphisms of Σ which are the identity on the boundary
acts in a natural way on N (Σ) by pulling-back. In this paragraph, we show
that the symplectomorphism corresponding to a Dehn twist τK along a curve
K ⊂ Σ can be expressed as the time 1 flow of a Hamiltonian which is smooth
outside the coisotropic submanifold C− = {[A]|HolK(A) = −I}.
We follow the strategy of [WWa, Section 3]: we cut the surface along K,
introduce an intermediate moduli spaceN (Σcut) associated to the cut suface
Σcut (see figure 12), whose reduction for a natural Hamiltonian SU(2)-action
yields the complement N (Σ) \ C− (see paragraph 5.2.2).
The fact that the Dehn twist τK is isotopic to the identity in Σcut will
enable us to express its pull-back as a Hamiltonian flow in N (Σcut) which
is invariant for the previous SU(2)-action. This flow will thus descend to a
Hamiltonian flow in the symplectic quotient N (Σ) \ C−.
Σ
β
Σcut
β2 β1
γ
α2
α2
α1α1
γ
Figure 12. The surfaces Σ and Σcut.
5.2.1. Fundamental groups of Σ and Σcut. Let p : R/Z→ ∂Σ be the parame-
trization of the boundary, and ∗ = p(0) the base point. The curve K being
non-separating, there exists a simple curve α : R/Z → Σ based in ∗ and
intersecting transversely K in one point α(12). We denote α1 = α[0, 12 ] and
α2 = α[ 1
2
,1]. We also denote β : R/Z → Σ a parametrization of K based in
α(12) and oriented so that α.β = +1, and β˜ = α
−1
2 βα2. The surface Σ \ (α∪
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β) has genus h − 1, Let u2, v2, · · · , uh, vh be generators of its fundamental
group such that, denoting γ = [p] the boundary curve in Σ, one has γ =
[α, β˜]
∏h
i=2 [ui, vi]. The curves α, β˜, u2, v2, · · · , uh, vh then form a generating
system of pi1(Σ, ∗), and the extended moduli space admits the description:
N (Σ, p) =
{
(g,A, B˜, U2, V2, · · · , Uh, Vh)|eg = [A, B˜]
h∏
i=2
[Ui, Vi]
}
,
where g ∈ su(2) has norm < pi√2, and is the element such that the con-
nection is of the form gds near the boundary. The elements of SU(2) A,
B˜, U2, V2, · · · , Uh, Vh stand for the holonomies along the generating curves
α, β˜, u2, v2, · · · , uh, vh.
Let Σcut be the compact surface obtained by cutting Σ along K. Denote
β1 and β2 parametrizations of the new boundary components, agreeing with
β in Σ, and with β1 touching α1 and β2 touching α2, see figure 12. One then
associates to Σcut the following moduli space, defined in [Jef94, Parag. 5.2]
by:
M g,3(Σcut) = A
g
F (Σcut)/G
c(Σcut),
where the exponent 3 refers to the number of boundary components of Σcut,
A gF (Σcut) is the space of flat connections on SU(2) × Σcut of the form gds,
b1ds and b2ds in the neighborhoods of γ, β1, β2, and s ∈ R/Z represents the
parameter of the boundary. The group G c(Σcut) of gauge transformations
which are trivial in a neighborhood of the boundary acts in a natural way
on A gF (Σcut).
We will restrict to the open subset N (Σcut) ⊂M g,3(Σcut) of connections
for which the vectors g, b1 and b2 are in the ball of radius pi
√
2 and center 0.
This space admits the following description (see [Jef94, Prop. 5.3]):
N (Σcut) '{
(g,A1, A2, b1, b2, U2, V2, · · · )
∣∣∣∣∣ eg = A1eb1A−11 A−12 eb2A2
h∏
i=2
[Ui, Vi]
}
,
where g, b1, b2 ∈ su(2) are the values of the connection along the boundaries
(elements of the ball of radius pi
√
2), and A1, A2, U2 ,V2, · · · , Uh, Vh ∈ SU(2)
the holonomies along the curves α1, α2, u2, v2, · · · , uh, vh.
This space is endowed with a symplectic form defined as the one forN (Σ):
if [A] ∈ N (Σcut) denotes the orbit of a flat connection A, and η, ξ are
su(2)-valued 1-forms representing tangent vectors of T[A]N (Σcut), that is,
proportional to ds on each boundary, and dA-closed, then
ω[A]([η], [ξ]) =
∫
Σ′
〈η ∧ ξ〉.
5.2.2. From N (Σcut) to N (Σ). In order to relate N (Σcut) and N (Σ), we
prove and use the fact that these moduli spaces satisfy the creed “gluing
equals reduction”.
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The group SU(2)3 acts in a Hamiltonian way on N (Σcut), indeed SU(2)3
may be identified with the quotient G const(Σcut)/G c(Σcut), where G const(Σcut)
is the group of gauge transformations constant near the boundary. The mo-
ment of this action is given by:
Ψ = (Φγ ,Φ1,Φ2) : N (Σcut)→ su(2)3,
where Φγ([A]) = g, Φ1([A]) = −b1 and Φ2([A]) = b2, if A is a flat connection
of the form gds, b1ds and b2ds in the neighborhoods of γ, β1 and β2 (the
minus sign in Φ1 comes from the fact that we oriented β1 as β, and not by the
outward-pointing convention). In the representation-theoretic description of
N (Σcut), this action can be expressed as:
(G,G1, G2).(g,A1, A2, b1, b2, U2, V2, · · · , Uh, Vh) =
(adGg,GA1G
−1
1 , G2A2G
−1, adG1b1, adG2b2, GU2G
−1, GV2G−1, · · · ).
In particular, the action of SU(2) defined by G.([A]) = (1, G,G).([A]) is
also Hamiltonian, with moment Φ = Φ1 + Φ2, and expression:
G.(g,A1, A2, b1, b2, U2, V2, · · · , Uh, Vh) =
(g,A1G
−1, GA2, adGb1, adGb2, U2, V2, · · · , Uh, Vh).
DenoteN (Σcut)//SU(2) the symplectic quotient for this action, and define
a map N (Σcut)//SU(2)→ N (Σ) in the following way: if A is a connection
on Σcut such that Φ([A]) = 0, then b1 = b2 andA glue back to a connection on
Σ. This defines a map Φ−1(0)→ N (Σ). If G ∈ SU(2), and ϕ ∈ G const(Σcut)
is a gauge transformation corresponding to (1, G,G), ϕ coincide on β1 and
β2, and glue to a gauge transformation of G 0(Σ). It then follows that A and
ϕ.A define the same element in N (Σ), i.e. the previous map descends to a
map from the quotient N (Σcut)//SU(2) to N (Σ).
Proposition 5.30. In the holonomy description of N (Σcut) and N (Σ),
this map corresponds to:
[(g,A1, A2, b1, b2, U2, V2, · · · , Uh, Vh)] 7→
(g,A = A1A2, B˜ = A
−1
2 e
b1A2, U2, V2, · · · , Uh, Vh).
Furthermore, this map realizes a symplectomorphism on its image
N (Σ′) \ C−,
where C− = {B˜ = −I}.
Proof. The description comes from the fact that α = α1α2 and β˜ = α−12 β2α2.
The exponential realizes a diffeomorphism between the ball
{b1 ∈ su(2) | |b1| < pi
√
2}
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and SU(2) \ {−I}, we denote log its inverse map. One can easily check that
the inverse map is given by:
(g,A, B˜, U2, V2, · · · , Uh, Vh) 7→
[(g,A1 = A,A2 = I, b1 = log(B˜), b2 = b1, U2, V2, · · · , Uh, Vh)]
This proves that it is a bijection. Finally, this map preserves the symplectic
forms, as both are defined in an analogous way, by integrating the forms on
Σ and Σcut. 
5.2.3. Description of a Dehn twist in the moduli spaces. We start by describ-
ing the action of a Dehn twist inside N (Σcut). For each t ∈ [0, 1], denote
τt the diffeomorphism of Σcut being the identity outside a neighborhood of
the curve β1, and on νβ1 ' R/Z × [0, 1], τt(s, x) = (s + tψ(x), x), where
ψ : [0, 1]→ [0, 1] is a smooth function equal to 1 on [0, 13 ] and 0 on [23 , 1].
νβ1
β1
Figure 13. The twist τ1 in the neighborhood of β1.
Only τ0 and τ1 glue to diffeomorphisms of Σ, corresponding respectively
to the identity and a Dehn twist along β. Denote then the pullback ϕt =
τ∗t : N (Σcut)→ N (Σcut), defined by ϕt([A]) = [τ∗t A].
Proposition 5.31. (i) In the holonomy description of N (Σcut), the
pullback ϕt corresponds to:
ϕt(g,A1, A2, b1, b2, U2, V2, · · · , Uh, Vh) =
(g,A1e
tb1 , A2, b1, b2, U2, V2, · · · , Uh, Vh).
(ii) For each t ∈ [0, 1], ϕt is the time t Hamiltonian flow of the function
H : N (Σcut)→ R defined by H([A]) = 12 |Φ1([A])|2.
In order to prove the proposition, recall the following fact:
Lemma 5.32. Let G be a Lie group, g its Lie algebra, (M,ω,Φ) a G-
Hamiltonian manifold (Φ : M → g ' g∗) and f : g → R a smooth function,
then the symplectic gradient of f ◦ Φ : M → R is given by:
5ω(f ◦ Φ)m = X5f(Φ(m))(m)
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where 5f is the gradient of f for the scalar product on g realizing the iso-
morphism g ' g∗ and, for η ∈ g, Xη stands for the vector field on M
corresponding to the infinitesimal action of G.
Proof of the lemma. By definition, 5ω(f ◦ Φ) is such that, for m ∈ M and
y ∈ TmM ,
ωm(5ω(f ◦ Φ)m, y) = Dm(f ◦ Φ).y
hence,
Dm(f ◦ Φ).y = DΦ(m)f ◦DmΦ.y
= 〈5f(Φ(m)),DmΦ.y〉
= Dm(fm).y
= ωm(X5f(Φ(m))(m), y),
where fm is the function on M defined for m fixed by
fm(m
′) = 〈5f(Φ(m)),Φ(m′)〉.

Proof of Proposition 5.31. (i) As τt corresponds to the identity in the neigh-
borhoods of γ and β2, and to a rotation in the neighborhood of β1, the values
of g, b1 and b2 remain unchanged by ϕt. Moreover, τt doesn’t change the
curves α2, u2, · · · , vh: the corresponding holonomies also remain unchanged.
Furthermore, it sends α1 to a curve homotopic to α1 ∪ β1([0, t]) , hence
Holα1(τ
∗
t A) = Holα1∪β1([0,t])(A) = Holα1(A)e
tb1 .
(ii) Note first that according to the previous point,
ϕt([A]) = (1, e
−tb1 , 1)[A] = (1, etΦ1([A]), 1)[A],
for the action of SU(2)3 previously defined.
Apply Lemma 5.32 to M = N (Σcut), endowed with the action of SU(2)
with moment Φ1, with f(ξ) = 12 |ξ|2. 5f(Φ1([A])) = Φ1([A]) = −b1([A]). It
follows from the first observation that ∂ϕ∂t |t=0 = XΦ1([A])([A]), and according
to the lemma, XΦ1([A])([A]) = X5f(Φ1([A]))([A]) = 5ωH([A]). The proof of
(ii) now follows from this, and the fact that ϕt satisfies the flow property
ϕt+h = ϕt ◦ ϕh. 
Recall the following result:
Proposition 5.33. ([WWa, Prop. 2.15]) Let (M,ω,Φ) be an SU(2)-Hamil-
tonian manifold such that the moment Φ: M → su(2)∗ takes its values in the
ball {ξ ∈ su(2) | |ξ| < pi√2}, and such that the stabilizer of the action at each
point of Φ−1(0) is trivial (resp. U(1)). Let ψ ∈ C∞([0,+∞)) be such that
ψ′(0) = pi
√
2, with compact support, and such that the time 1 Hamiltonian
flow of ψ ◦ |Φ| extends smoothly to Φ−1(0).
Then Φ−1(0) is a codimension 3 (resp. 2) spherically fibered coisotropic
submanifold, and the time 1 of the flow of ψ ◦ |Φ| is a fibered Dehn twist
along Φ−1(0).
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This proposition applies for the action of SU(2) onN (Σcut) with moment
Φ1. Indeed, on the one hand ImΦ1 ⊂ {|ξ| < pi
√
2} by definition of N (Σcut).
On the other hand, according to the holonomy description, this action is free,
and the flow extends. Hence:
Corollary 5.34. Let R : R→ R be a function that vanishes for t > pi
√
2
2 and
such that R(−t) = R(t) − 2pi√2t. Then the flow of H = R ◦ |Φ1| at time 1
extends to a fibered Dehn twist of N (Σcut) along C+ = Φ−11 (0), which is a
spherically fibered submanifold.
Recall now the following result in order to establish the result for N (Σ).
Theorem 5.35. ([WWa, Theorem 2.10]) Let G be a Lie group, (M,ω,Φ) a
Hamiltonian G-manifold such that 0 is a regular value of the moment Φ. Let
C ⊂ M be a spherically fibered coisotropic submanifold over a base B and
stable under the action of G. Assume that C intersects Φ−1(0) transversely,
and that, denoting ΦB : B → g the moment induced on B, the induced action
on the base Φ−1B (0) ⊂ B is free. Let τC ∈ Diff(M,ω) be a fibered Dehn twist
along C which is G-equivariant.
Then, the induced symplectomorphism [τC ] : M/G → M//G is a fibered
Dehn twist along C/G.
ConsiderM = N (Σcut), endowed with the action of moment Φ = Φ1+Φ2.
The submanifold C = Φ−11 (0) is a spherically fibered coisotropic submanifold
over
B = {(g,A2, b2, · · · )} ' N (Σcut,cap1),
where the surface Σcut,cap1 is obtained from Σcut by gluing a disc on the
boundary component β1. The time 1 of the Hamiltonian flow of R ◦ |Φ1|,
where R is a function as in the previous corollary, is a fibered Dehn twist
τC . One can apply Proposition 5.35 to this situation. Indeed, N (Σcut) may
be identified with the following open subset of su(2)2 × SU(2)2h consisting
of the elements (b1, b2, A2, A2, U2, V2, · · ·Uh, Vh) satisfying
|b1| < pi
√
2, |b2| < pi
√
2,
A1e
b1A−11 A
−1
2 e
b2A2
h∏
i=2
[Ui, Vi] 6= −I.
Under this identification, Φ and Φ1 correspond respectively to the difference
of the two first coordinates and to the opposite of the projection onto the
first coordinate. The zero vector 0 ∈ su(2) is then a regular value for Φ,
and C intersects Φ−1(0) transversely along {Φ1 = Φ2 = 0}. Furthermore,
the action induced on Φ−1B (0) is free (the holonomy A2 is affected by left
multiplication), and the twist τC is SU(2)-equivariant, indeed τC has the
following expression:
τC(g,A1, A2, b1, b2, · · · ) = (g,A1e−tb1 , A2, b1, b2, · · · ),
where t = R′(|b1|). If H ∈ SU(2) and H. denotes the action with moment
Φ, one has:
τC (H.(g,A1, A2, b1, b2, · · · )) = H.τC(g,A1, A2, b1, b2, · · · )
= (g,A1e
−tb1H−1, HA2, adHb1, adHb2, · · · ).
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Hence it follows from corollary 5.34 and Proposition 5.35:
Proposition 5.36. Let R be as in corollary 5.34. The time 1 Hamiltonian
flow of the function R(| log(B˜)|) is a fibered Dehn twist of N (Σ) along {B˜ =
I}.
Notice that when Σ has genus greater or equal to 2, the submanifold
{B˜ = I} is not compact in N (Σ): its closure in N c(Σ) intersects the
hypersurface R. However, if Σ has genus 1, it is contained in {g = 0}.
Hence:
Theorem 5.37. Let H be a solid torus, T its boundary torus, and T ′ the
surface obtained by removing a small disc. Denote i : T → ∂H the inclusion,
and L(H) ⊂ N (T ′) the corresponding Lagrangian submanifold. Let τK be a
Dehn twist along a non-separating curve K ⊂ T ′, i′ = i◦τK and H ′ = (H, i′)
the cobordism between ∅ and T ′, and L(H ′) ⊂ N (Σ). Then there exists a
Dehn twist along S = {HolK = −I} which sends L(H ′) to L(H).
Remark 5.38. The symplectomorphism induced from the twist on the surface
isn’t a priori a Dehn twist of N (T ′) as the Hamiltonian generating it isn’t
compactly supported, yet we will build a Dehn twist (which will be denoted
tw) by truncating the Hamiltonian.
Proof. Recall that we have identified N (T ′) with the subset{
(g,A, B˜) ∈ su(2)× SU(2)2 : eg = [A, B˜]
}
,
where A and B˜ represent the holonomies along the paths α and β˜. Define
three functions
Hf , Htw, Hτ : N (T ′)→ R
by:
Hf (A, B˜) =
1
2
| log(B˜)|2, setting | log(−I)| = pi
√
2,
Htw(A, B˜) = φ(A, B˜)Hf (A, B˜),
Hτ (A, B˜) = R(| log(−B˜)|),
where φ is a compactly supported function equal to 1 in a neighborhood of
{g = 0}, R : R+ → R is zero for t > pi
√
2
2 , and such that R(t) = pi
2− pi√2t+
1
2 t
2 for t < pi
√
2
4 .
These three functions coincide in the neighborhood of {B˜ = −I}: this is
clear for Hf and Htw since {B˜ = −I} ⊂ {g = 0}, and if −B˜ is conjugated to(
eiα 0
0 e−iα
)
, with α ∈ [0, pi], then B˜ is conjugated to
(
ei(pi−α) 0
0 e−i(pi−α)
)
,
and 12 | log(B˜)|2 = (pi−α)2 = R(| log(−B˜)|), since | log(−B˜)| = α
√
2. Hence,
Htw = Hτ in the neighborhood of {B˜ = −I}.
By proposition 5.31, the time 1 flow of Hf is induced by the geometric
twist and extends smoothly to N (Σ), hence does the flows of Htw and Hτ :
denote then f , tw and τ the flows extended to N (Σ).
On the one hand, the set {g = 0} is invariant by the flow of Hf for all
time, it follows that f and tw coincide on it, and L(H ′) = tw(L(H)), since
L(H ′) = f(L(H)) and L(H) is contained in {g = 0}.
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On the other hand, by Proposition 5.36, τ is the inverse of a Dehn twist
along {B˜ = −I}. Indeed, denoting ϕ the involution
(A, B˜) 7→ (A,−B˜)
of N (T ′), the map ϕτϕ−1 is a fibered Dehn twist along {B˜ = I}.
Observe now that tw can be written as the composition (tw ◦ τ−1) ◦ τ ,
with τ a Dehn twist along {B˜ = −I}, and tw ◦ τ−1 a compactly supported
Hamiltonian isotopy. Indeed, outside {B˜ = −I}, tw ◦ τ−1 is the time 1 flow
of the Hamiltonian
Hcomp(t, x) = Htw(x)−Hτ (φttw(x)),
where φttw is the time t flow of Htw. Yet, in the neighborhood of {B˜ = −I},
φttw coincides with the flow ofHτ , henceHcomp(t, x) = Htw(x)−Hτ (x) in the
neighborhood of {B˜ = −I}, and Hcomp extends smoothly to {B˜ = −I}. 
5.2.4. Proof of the surgery exact sequence. In this paragraph we prove The-
orem 1.3.
Proof. Let α, β and γ denote three curves in the punctured torus T ′ =
∂Y \ {small disc} forming a triad, one has β−1 = ταγ, where τα is a Dehn
twist along α. Hence, with
L−α = {Holα = −I},
Lβ = {Holβ = I},
Lγ = {Holγ = I}
the three Lagrangian spheres of N c(T ′), it follows from Theorem 5.37 that
there exists a generalized Dehn twist τS of N c(T ′) along S = L−α which
sends Lγ to Lβ . Indeed, let H be the solid torus in which β−1 bounds a disc,
and i : T ′ → ∂H the inclusion, one has i(β−1) = ∂D2. If i′ = i ◦ τα, one has
i′(τ−1α β−1) = i′(γ).
With L = L(Y, c), S = L−α and L0 = Lβ , Theorem 5.2 gives an exact
sequence:
. . .→ HF (τSL0, L)→ HF (L0, L)→ HF (L0, ST , S, L)→ · · · .
It now remains to identify the HSI groups: the Lagrangians Lβ and Lγ
being associated to the cobordisms corresponding to a 2-handle attachment
along β (resp. γ) and without homology class, it follows for the two first
groups:
HF (τSL0, L) = HF (Lβ, L) = HSI(Yβ, cβ),
and
HF (L0, L) = HF (Lγ , L) = HSI(Yγ , cγ).
Finally, S = L−α corresponds to a two-handle attachment along α, with
homology class kα, it follows from the Künneth formula (Theorem 1.1) and
the fact HF (L0, S) = HSI(S3) = Z that:
HF (L0, S
T , S, L) = HF (L0, S)⊗Z HF (S,L) = HSI(Yα, kα + cα),
which completes the proof.

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5.3. Applications of the exact sequence. In this section we give some
direct applications of Theorem 1.3. These do not require any further proper-
ties of the maps in the exact sequence, and follows from an observation due
to Ozsváth and Szabó. We start by recalling it, and give some families of
manifolds for which the HSI homology is minimal. All these manifolds are
L-spaces in Heegaard Floer theory.
5.3.1. The observation of Ozsváth and Szabó. The following fact has been
pointed out by Ozsváth and Szabó, see for example [OS06, Exercice 1.13]. It
can be proven directly, or be deduced from the surgery exact sequence (for
ĤF or HSI) by taking the Euler characteristic.
Lemma 5.39. Let Yα, Yβ and Yγ be a surgery triad. If one denotes, for a
set H, the quantity:
|H| =
{
CardH if H is finite
0 otherwise,
one has, up to a permutation of the manifolds, |H1(Yα;Z)| = |H1(Yβ;Z)| +
|H1(Yγ ;Z)|.
2
Define HSI-minimal manifolds, which are analogs of Heegaard Floer L-
spaces:
Definition 5.40. A closed oriented 3-manifold Y will be called HSI-minimal
if for each class c ∈ H1(Y ;Z2), HSI(Y, c) is a free abelian group of rank
|H1(Y ;Z)|.
Remark 5.41. According to Proposition 4.8, S2×S1 isn’t HSI-minimal, and
the lens spaces are.
It follows then from the surgery exact sequence (Theorem 1.3) and from
the formula for the Euler characteristic (Proposition 4.7):
Proposition 5.42. Let (Yα, Yβ, Yγ) be a surgery triad, with Yβ and Yγ HSI-
minimal, and |H1(Yα;Z)| = |H1(Yβ;Z)|+ |H1(Yγ ;Z)|. Then Yα is also HSI-
minimal.
Proof. Let cα ∈ H1(Yα;Z2), and cβ , cγ two other classes on Yβ and Yγ
for which Theorem 1.3 gives rise to an exact sequence between the three
HSI homology groups. Assume by contradiction that the arrow between
HSI(Yβ, cβ) and HSI(Yγ , cγ) is nonzero, then one would have
rkHSI(Yα, cα) < rkHSI(Yβ, cβ) + rkHSI(Yγ , cγ) = χ(HSI(Yα, cα)),
which is impossible. Hence the exact sequence is a short exact sequence, and
HSI(Yα, cα) is a free abelian group of rank |H1(Yα;Z)|.

5.3.2. Some families of HSI-minimal manifolds. We now give some applica-
tions of the former observation:
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Plumbings. Let (G,m) denote a weighted graph: m is a function defined
on the set of vertices of the graph G, with values in Z. Recall that one can
associate to (G,m) a 4-manifold with boundary obtained by plumbing disc
bundles over spheres associated to the vertices, whose Euler number is m(v).
Its boundary is a closed oriented 3-manifold Y (G,m).
Proposition 5.43. Suppose that G is a disjoint union of trees, and that,
denoting d(v) the number of edges adjascent to a vertex v, the function m
satisfies, for every vertex v of G, m(v) ≥ d(v), with at least one vertex for
which the inequality is strict. Then Y (G,m) is HSI-minimal.
Remark 5.44. If m(v) = d(v) for all vertex of G, then one can show after a
succession of blow-downs that Y (G,m) ' S2 × S1.
Proof. The proof is analog to the corresponding one for [OS04b, Theorem
7.1]: one proceeds by induction on the number of vertices and on the weights.
First, if the graph G consists of a single vertex, then Y (G,m) is a lens space,
and the result follows from Proposition 4.8.
We prove now the induction on the number of vertices. Adding a leaf v
with m(v) = 1 corresponds to a blow-up, and doesn’t change the topological
type of Y (G,m).
We finally prove the induction on the weight of a leaf. Let (G,m) be a
graph satisfying the hypothesis of the proposition, v a leaf of G, G′ the graph
obtained by removing v, m′ the restriction of m to G′, and m˜ the function
agreeing with m outside v, and such that m˜(v) = m(v) + 1. Suppose that
(G,m) and (G′,m′) satisfy the induction hypothesis.
The manifolds Y (G, m˜), Y (G,m) and Y (G′,m′) form a surgery triad,
and |H1(Y (G, m˜);Z)| = |H1(Y (G,m);Z)|+ |H1(Y (G′,m′);Z)|, see [OS04b,
Proof of Th. 7.1]. Hence the induction follows from Proposition 5.42. 
Branched double covers of S3 along quasi-alternating links. In [OS05,
Def. 3.1], Ozsváth and Szabó defined the following class of links, called
“quasi-alternating”: it consists of the smallest class of links satisfying the
following:
(1) The trivial knot is quasi-alternating,
(2) Let L be a link. If there exists a projection and a crossing of L such
that its two resolutions are quasi-alternating, detL0, detL1 6= 0 , and
detL = detL0 + detL1, then L is also quasi-alternating.
According to [OS05, Lemma 3.2], this class contains the links admitting a
connected alternating projection. It follows directly from Proposition 5.42:
Proposition 5.45. The branched double covers of quasi-alternating links
are HSI-minimal manifolds.
2
Integral Dehn surgeries along certain knots. Finally, let K ⊂ S3 be
a knot such that, for some integer n0 > 0, the n0-surgery S3n0(K) is HSI-
minimal. From the fact that for every n > 0,
∣∣H1(S3n(K),Z2)∣∣ = n, it follows
that S3n(K) is HSI-minimal for every n > n0.
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